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ABSTRACT 

For a single complex sinusoid (cisoid) in complex white Gaussian noise the de­
pendence of the Cram~r-Rao (C-R) bounds on the first sampling tirp.e is known. In 
this paper the fırst-sampling-time dependence of the bounds is exarnined for the two­
cisoid case. For two cisoids in complex white Gaussian noise it is shown that the lar­
gesı and the smallest values of the C-R frequency and amplitude bounds do not de­
pend on the firsı sampling time and that the critica) values of the C-R phase bounds 
are smallesı when the sampling times are symmetrical. 

ÖZET 

Kompleks Sinüsterin Parametrelerinin Kestiriminde Örneklemenin Rolü 

Kompleks beyaz Gauss gürültü içindeki bir kompleks sinüs için Cramer-Rao (C-
R) sınırlannın ilk örnekleme zamanına bağlılığı bilinmektedir. Bu makalede sınırla­
rın ilk örnekleme zamanına bağlılığı iki kompleks sinüs durumu için inceleruniştir. 
Kompleks beyaz Gauss gürültü içindeki iki kompleks sinüs için C-R frekans ve gen­
lik sınırlarının en büyük ve en küçük değerlerinin ilk örnekleme zamanına bağlı ol­
madığı ve C-R faz sınırlanrun kritik değerlerinin öı;nekleme zamanları simetrik oldu­
ğunda en az olacağı gösterilmiştir. 

• Yllld. Doç. Dr.: U.O., Mühendislik-Minl(Jriık Fakültesi. Elektronik Mühendisliği Bölümü, Bursa. 
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1. INTRODUCTION 

It is well known that the Cramer-Rao (C-R) bound gives a lower bound on the va­
riance of any unbiased estimatorl. Therefore, the C-R bound is frequently used for 
testing the performance of parameter estimators for time-series data models. 
. The C-R bound expressions for the amplitudes, the phases and the frequencies of 
superimposed cisoids in complex white Gaussian noise were derived by Rife and Bo­
orstyn2,3. For the single cisoid case, it is known that the C-R frequency bound and 
the C-R amplitude bound are independent of the first sampling time while the C-R 
phase bound attains its smallest value when the first sampling time is such that the 
sampling instants are symmetrical2. For the multiple cisoid case, due to the comple­
xity of the C-R bo und expressions, the dependence of the bounds on several parame­
ters of interest including the first sampling time typically is studied numerically rat­
her than analytically3. 

Recently, the author has derived explicit expressions for the C-R bounds for the 
two-cisoid case4. This paper builds upon the results of Ref. 4 to study the dependen­
ce of the C-R bounds on the first sampling time for the two-cisoid case. It is shown 
that while the bounds depend on the.first sampling time in general, the maximum and 
the minimum values of the frequency and the amplitude bounds do not and that the 
critica! values of the phase bounds are smallest for the symmetric sampling case. 

2. THE C-R BOUNDS 

A. Single Cisoid Case: We first consider the case in which tht: data consist of 
a single cisoid in noise: 

y(ı) = <Xo exp UCC4Jt + (/>o)] +e( ı), ı= n, ... ,n+N - 1. (1) 

Here <Xo is the amplitude, % is the frequency, cp0 is the phase of the cisoid, e(t) 
represents azero-mean complex white Gaussiım noise with variance (J 2, n is the 
first value of the sampling time index ı, and N is the total number of available data 
samples. If the number of data samples N is odd and the first sampling time index, 
n= -(N-1 )12, then the sampling is symmetric. 

Let flo , 4Jo, and % be unbiased estimators of the cisoid parameters <Xo. cp
0

, and 
%. respectively. Then the variance of the estimators satisfies the C-R theorem ı: 

~ " 1\ var( uo) ;::: B~· var( (/)o ) ;::: B <p 
0 
and var( C4J) ;::: B w 

0 
where the bounds Ba , Bm and B w are given by2 

o '1""0 o 
ı 

Ba. =----
o 2·(1/(J 2)-N 

(2) 
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ı fı 
B=---

'Po 2·SNR0N f o fı- fı2 

ı f o 
Bw = 0 • 2·SNR0N3 f0 fı - f ı2 

Here SN Ro denotes the signal-to-noise ratio 

SNR0 =---­
a ı 

and, for r = O, ı , 2, 

n+N- ı 

f, =­
NT+ I 

l r ' 

t=n 

(3) 

(4) 

(5) 

B. Two Cisoid Case: In this case the data consist of two cisoids in a zero­
mean complex white Gaussian noise: 

y(t) =fa; expU(ro;ı + <jl;)] + e(t), t=n, ... , n+ N - 1. 
i= ı 

(6) 

If &; , ~; and &; are unbiased estimators of the signal parameters, respecti­
vely, O.;. <p; and ro;. i = ı, 2, then the variance of the esiimates satisfies 

var( IX;) ~ B a.• var < fA)~ Bm. and var(&;)~ Bm. 
1 '1'1 1 

The bounds B a .• B rn . and B (J) . depend on the frequencies and the phases of the 
1 '1'1 1 

cisoids through the frequency difference 8m; = m1 - OJı and the phase difference 
Ô(p; = CfJı - ~- They are given by 

l ( Y o + Y c cos(2&p) + Y s sin(28cp) ) 
Ba.=--- - -- ı + (7) 

' 2 . ( ıla 2) ·N 6. 1 X0 + Xc cos(2Öcp) + X s sin(28cp) 

B = __ ı _ ___ ı _ ( 
1 

+ ~ + Zc cos(2Öcp) + Zs sin(2Öcp) ) 

CfJ ; 2· SNR-· N A X ~ 
' u ı o+ Xc cos(2ucp) + Xs sin(28cp) 

(8) 
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ı 2. b. ı . Ko 
Bm.=----

1 2 · SNR; · t{3 X0 + Xc cos(2Dcp) + X5 sin(2Ô<p) 

Here SNR; denotes the signal-to-noise ratio for the ith cisoid 

a ı 
1 

SNR;=-­
a ı 

and 

(9) 

X0 = 2K0
2 - Kd- Kl (10) 

Xc = Kl - Kd (ll) 

Xs = -2KcKs (12) 

Y0 = (U2 + VZ + 2f'2)K0 + (2UY)Kc + (2VY)K5 

Y c= (U2 - VZ)K0 + (2UY)Kc - (2VY)Ks 

Ys = (2UV)K0 + (2VY)Kc + (2UY)Ks 

Zo = (U2 + vı + 2Z2)K0 + (2VZ)Kc - (2UZ)Ks 

Zc = -(U2 - V 2)K0 + (2VZ)Kc + (2UZ)Ks 

Zs = -(2UV)K0 - (2UZ)Kc + (2VZ)Ks 

K0 =lı. b. ı- 1 0 . (lı ı+ Cıı + Sı2) + 21ı(C0Cı + SoSı) 

Kc= -Cı. 6. ı- Co. (f'ı2 + Cı ı- Sı ı) . + 2Cı(1o1ı - SoSı) 

Ks =Sı. 6. ı+ So(lıı- Cı ı + sıı)- 2S ı (1o1ı- CoCı) 

b. ı = 1 o ı - Co ı - so ı 

U= 10S ı - lı So, V= 10Cı -lı Co 

Y= C0Sı- CıSo, Z= 101ı- C0Cı - SoS
1 

where, for r =O, ı , 2, the lr are given by (5), and 

ı 

Cr=-­
Nr+l 

ı 

Sr=-­
Nr+l 
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n+N-ı 

I 1 r cos(Öro. t ) 

t=n 

n+N- ı 

I 1 r sin(Öro . t) 

t=n 



The expression in (9) was derived in Ref. 4 and the expressions in (7) and (8) fol­
low from the results in Ref. 4. 

Using the explicit bound expressions given in (7)-(9) one can get the following 
expressions for the maximum and the minimum values of the bounds with respect to 
the phase difference o<p : 

<Bw.>maıt = --- ------
1 2 · SNR; . t{3 K02 - Kc2_ Ks2 

(13) 

(B W· )min = - - --
1 2 · SNR; · t{3 Ko 

(14) 

<8a )max = 
ı ( Yo. Mo+ Y c . Mc + Ys. M s ) 

- ı+ (15) 1 2 . ( ı t a 2) . N b. ı X0 · M0 + Xc ·Mc + Xs ·M s 

ı ı ( Yo. mo+ Ye. mc+ Ys. ms ) 
<8a)mın = - ı+ (16) 

1 2 .(1/CJ 2) . N b. ı Xo . mo + Xc . mc + X s . ms 

ı ı (ı + Zo. M'~ + Zc . M' c + Zs . M's ) (Bqı >max = 
1 (17) 2 . SNR1. N b. ı Xo . M o+ Xc . M'c +X s. M's 

ı ı ( Zo · m'o + Zc · m'c + Z ·m ' 
(Bqı, >mın = ı s s ) - + 

2 . SNR1.N b. ı Xo ·m 'o +Xc · m'c +Xs·m's 
(18) 

and 
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M'o = A -ı+ B -ı , M'c =B 'C - A ' fA -ı +B -ı - cı , M 's= A'C +B ' f A -ı+ B 'L C1 

m'o =A 'ı +B 'ı, m'c = B'C+A 'fA 'ı +B'ı-cı, m 's = A 'C- B' fA 'ı+ B 1- C1 
A ' = XcZo - Xolc , B' = XoZs - X5Z0 , C= XsZc - XcZs, 

3. THE DEPENDENCE OF T HE BOUNDS ON T HE FIRST 
SAMPLING TIME 

A. Single Cisoid Case: For this case we will show that the C-R arnplitude bo­
und B a o and the C-R frequency bound B COo do not depend on the firs t sampling 
time index n and that the C-R phase bo und B(/) is sınaBest when the sarnpling is 

. o 
symmetnc. 

Prop osition 1: The C-R amplitude bound B a is independent of the first sampling 
time index n. O 

Proof' The proof is immediate from (2). 
Lernma 1: For ni> nı. let the notation Oq denote the quantity in parentheses for 

n = nq, , q = l , 2. Let 

(n1 -nı) · 
v = N • c= cos( ÔliXnı - n2) ) and s = sin( ÔCtXn ı - n2) ) . 

We then have 
ro = ı for all n 

(rı )ı = (rı )2 + v ." 

(r2 )ı = (rı)2 +2v (rı )2 +v2 

(co )ı = c(co )2 + s(So )2 

(cı )ı =c( c, )2 + s(s ı )2 - vc(c0)2- vs(s0)2 

(19) 

(20) 

(21) 

(cJ, =c(C2 )2 +s(s2 )2 -2 vc(cJ2 -ı~(s, ) +v2c(c ) +v2/s ) 2 0 2 \: o 2 
(s0)1 =c(s0)2-s(c0)2 

(sı)1 = c(S 1 )2 - s(cı )2 - lk:'(s0) +vsf c ) 
2 \: o 2 

(sı), = c(s 2 )ı - s( cı )2 -2 ıc(s ı )2 + 2 ~(cı)2 + vı c(so )2- vı s( co) 
. 2 

Proof · The lernma follows from straight fo d al . 
P · · 2 rwar c culatıons 
roposıtıon : The C-R frequency bound B · · d · 

ling time index n. CO o ıs ın ependent of the fırst samp-

Proot The proposition follows from substitution of (19) (
2 

. 
- 1) ınto (4). 

104 



Proposition 3: The C-R phase bound Bıp 0is smallest for the symmetric sampling 

case. 
Proof: For the symmetric sampling case it follows from (5) that fı =O so 

that (3) becomes. 

Comparing this with (3) and noting that f j ( f 0f 2 -f ı 2) 2: 1 w ith the equality 
holding if and only if rı =o. tlıe proposition follows. 

B. Two Cisoid Case: For this case we will show that the maximum and the mi­
nimum values of the C -R amplitude and frequency bounds Ba. and Bm; do not 
change with n and that the maximum and minimum values of the C-R phase bound 
B q> i are smallest for the symmetric sampling case . 

Proposition 4: The eritkal values of the C-R frequency bound (B m. )max and 

(B m .)min are independent of the fırst sampling time index n. 
1 

1 
Proof' From Lernma I we get 

(öı ). = (ö .)2 (22) 

(Ko )ı = (Ko )ı (23) 

(Kc )1 = c(Kc )2 +s(Ks )2 (24) 

(K s )1 = c(Ks )2 - s(Kc )2 (25) 

The proposition now follows from substitution of (22)-(25) into (13) and (14). 

Proposition 5: The critica! values of the C-R amplitude bounds (B ) and 
(Ba)min are independent of the fırst sampling time index n. a i max 

1 

Proof : From (23)-(25) we have 

(xo )ı =(X o)
2 

(xc)1 =(c
2 -s2 XXc ~ +2cs(Xs )

2 

(x s). =e -s ı xx s >ı - ıcs(x c ~ 

(26) 

(27) 

(28) 
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From Lernma 1 and (23)-(25) we have 

(r0 )
1 
=(ro )

2 

(re), =e -sı Xrc )2 + 2cs(rs )2 

(rs ), = e- sı Xrs )2 - 2cs(r~ )2 

Now, (26)-(31) give 

.(Mo), =(Mo )ı 

(Mc),= e -sı XMc )2 +2cs(Ms )2 

(M5 )
1 
=e-s2 XM5 )

2
- 2cs(Mc)2 

(mo), =(mo)~ 

(29) 

(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

The proposition now follows from substitution of (22) and (26)-(37) into (15) and 
(16). 

Proposition 6: The critica! values of the C-R phase bound (B ep )max and (B ep )min 
are smallest for the symmetric sampling case. 1 1 

Proof" It is easy to show that for the· symmetric sampling case (B qı . )rnin is 
~~ 1 

{B ) = -1- 1 
~ 'P1 min.sym 2 ·SNR; ·N tı. 1 (38) 

Note from (38) that 

c., >0 (39) 

Now (39) and (14) imply that 

Ko >0 (40) 

From (39), (40) and (13) we have 

(41) 
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and from (39), ( 40) and (9) we have 

X 0 + X c cos{ı&p)+Xs sin(2ôqı)> O (42) 

Comparison of (8) with (38) and use of (39) and (42) show that 

B ~{B ) 
rp, ~ qJ, mın.S)111 

if we can prove that 

Z0 +Zc coiı&p)+Zs sin(2ôqı) ~o (43) 

Now note that 

Z0 + Zc cos(2&p )+ Zs sin(2ôqı) ~ Zo - Jz~ + zl 

From (10)-(12) we have 

zJ -Z~ -z.; = 4Z 2 [(u2 + V 2 XK~- K~ - KD+(ZKo +V Kc -U K s n (44) 

Use of (41 ) in (44) shows that zJ -Z~ -Z~ ~O . This and the fact (which is 
not shown here) that Zo ~O give (43). 

To prove 

~ep, )ma,~ (B rp, )ma,.sym 
we show that 

From (17) and (18) we get 

ı ı ıJA'2 +B'2 -c'2 

CscııJma, - {Bcıı, t," =ı ·sNRj ·N ılı (x ~-x~ -x;) 

We have from (39) and (42) that !:::. 1 >O and (x~- X~ - X J ) >O and from 

(22) and (26)-(28) that !:::. 1 and (x ~ -X ~ -X; ) do not depend on n. Thus, it 

remains to show that JA'2 +B' 2 - c'2 is smallest for the symmetric sampling case. 

Assume now that N is odd and n2 = -(N - 1 )(2. Straight forward cakulation gives 

(45) 
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Since (A')2 ~O , (B')ı =O, (C')ı =O; (A')ı is just J(A'); +(B' )i -(C')i and 
(40) shows that the second term on the right-hand-side of (45) is nonnegative. This 
completes the proof. · 

4. CONCLUSIONS 

We have studied the dependence of the C-R bounds on the first sampling time in­
dex n for the time-series data models consisting of one or two cisoids in complex 
white Gaussian noise. For the single cisod case we have shown that the frequency 
and the amplitude bounds do not depend on n and the phase bound is smallest for the 
symmetric sampling case. For the two cisoid case we have shown that while the 
bounds depend on n in general, the critical values of the frequency and amplitude 
bounds do not and the critical values of the phase bounds are smallest for the 
symmetric sampling case. 
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