Available online at www.sciencedirect.com

SCIENCE@D'RECT® Applled .

Mathematics
Letters
ELSEVIER Applied Mathematics Letterss (2005) 191-198

www.elsever.com/locate/aml

A new class of Salagean-type harmonic univalent functions

Sibel Yalgin
Uludag Universitesi, Fen Ed. Fak. Matematik, Bolimii 16059, Bursa, Turkey

Received 1 October 2003; received in revised form 1 January 2004; accepted 1 May 2004

Abstract

We define ad investigate a new class of Salagean-type harmonic univalent functions. We obtain coefficient
conditions, extreme points, distortion bounds, convex combination and radii of convex for the above class of
harmonic univalent functions.
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1. Introduction

A continuous complex-valued functioh = u + iv defined in a simply connected complex domain
is said to be harmonic i if both u andv are real harmonic i®. In any simfy connected domain we
can writef = h + g, whereh andg are analytic in®. A necessary and sufficient condition férto be
locally univalent and sense preservingdns that|h'(z)| > |g'(2)|,z € D.

Denote by S, the class of functiond = h + § that are harmonic univalent and sense preserving in
the unit diskU = {z: |z| < 1} for which f(0) = f,(0) — 1 = 0. Thenforf = h+ § € S4 we may
express the analytic functiortsandg as

h@=z+) az, g@=) bz |b<Ll (1)
k=2 k=1
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In 1984 Clunie and Sheil-SmalP] invedigated the classsy as well as its geometric subclasses
and obtained some coefficient bounds. Since then, there have been several related p&ieanan
its subclasses.

The differential operatoD™ was introduced by Salageab][For f = h + § given by (@), Jahangiri
et al. 4] defined he modified Salagean operator bhs

D™f(z) = D"h(z) + (-1)"D™Mg(2) 2
where
D™h(z) = z+ Z k"az* and D"g(z) = Z k™Mb Z¥.
k=2 k=1

ForO<a <1l,meN,neNgm=>nandze U, we letS;(m, n; o) denote the family of harmonic
functions f of the form (L) such hat

D™f(2)
Re{ D”f(z)} > 3)

whereD™f is defined by 2). .
We let thesubclassSy (m, n; «) consist of harmonic function§,, = h + g, in Sy (M, n; @) so thath
andg, are of the form

h@=z-) &z, g@=D"")Y b7 acb =0 (4)
k=2 k=1

The dassS,(m, n; «) includes a variety of well-known subclasses3pf. For e>amp|e,§H 1,0,a) =
F(a) is the class of sense-preserving, harmonic univalent functionkich are starlike of ordex in U,
S4(2, 1; @) is the class of sense-preserving, harmonic univalent functionkich ae convex of ordew
inU, andS4(n+ 1, n; @) = H(n, «) is the class of Salagean-type harmonic univalent functions.

For the harmonic function$ of the form () with b; = 0, Avcl and Zlotkiewicz 1] showed hat if

s k?(lae| + |b]) < 1thenf € HK, and Siverman 6] proved that the above coefficient condition
is also necessary if = h + § has negative coefficients. Later, Silverman and Silviarhproved the
results of [L,6] to the casdd; not necessarily zero.

For the harmonic functiong of the form @) with m = 1, Jahangiri 8] showeal that f € F(«)
if and only if > p2,(k — e)|ax] + Dok + )|y < 1 —a and f € Sy(2 1; ) if and only if
Yo kk — @)ak] + Yo k(k + @)|by] < 1 — «. In this note, we extend the above results to the
families Sy(m, n; «) and Sy (M, n; «). We dso obtain extreme points, distortion bounds, convolution
conditions, and convex combinations &5 (m, n; «).

2. Main results
We begin with a sufficient coefficient condition for functions$ (m, n; «).

Theorem 1. Let f = h + § besothat h and g are given by (1). Furthermore, let

(kM — k" k™ — (=DM "gk"
> (71 |a| + S |bk|> <2 ()
— —o 11—«
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whereay =1, me N, ne Ng,m>nand0 < o < 1; then f is sense-preserving, harmonic univalent
inUand f € S4y(m, n; ).

Proof. If z; # 7, then

> be(Z - 2)
k=1

‘ f(z) — f(z2) -
h(z)) —h(zo) |~

_ ‘9(21) - 09(z2) _
h(zy) — h(z)

(Z1—20) + io: a(Zi — 25

k=2
> Kiby| Z KDk |
S1- & > >0
1- Y Klay 1- )y E=2llig
k=2 k=2

which proves univalence. Note thdtis sense preserving ld. This is because

s X kM — ak” X kM — (=)™ "k
h’ 1-) k Kl 1Y ——jal > b
I'(2)| > Z a1zt > k; - |ak|_k; oI
S km—< 1)m "o 1o N kel o (o
>y < izt = > kibdlzt = g @)
k=1 k=1

Using the &ct that Rev > « if and only if |1 — « + w| > |1 + o — w|, it suffices to show
that

|(1—a)D"f(2) + D" f(2)| — |(1+«)D"f(z2) — D™ f(2)| > O. (6)
Substituting forD" f (z) and D™ f (2) in (6) yields, by &) we obtain
|(1—«)D"f(z2) + D" f(2)| — |(L+«)D"f(z) — D™f(2)| > O

=|2-a)z+ ) [K"(1—a) +kMaZ + (-D" Y [K"(L—a) + (=)™ "k o Z¥
k=2 k=1

az+ ) (K" — (L+o)kaz — (D" ) (=)™ K™ — (1 + )kl
k=2 k=1

> 21— a)|z) = ) 2™ — ak"lfacl|zl = D 1(L+ o)k + (=)™ K" |y |z
k=2 k=1

= ) =DM K™ — (L + )K" b2
k=1

21— a)|z| — ZZ[km aka|z|¢ —ZZ[km+ak” 1Ibel|z]¢, m—nis odd
k 2

2(1—a)|z|—ZZ[km—ak”]|ak||z| —ZZ[km—ak”]|bk||z|, m — nis even
k=2 k=1
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km (—1)™ "ok

— ak” k1 KT (= k—1
EE—— Z — by||z
T ladiz Tt =y ——————IhiZ|

=2(1—a)z| {1—
k=1

>2(1—a){1—< KT —ak? Z (1)mn |bk|>}.

This last expression is hon-negative I%),(@and so the proof is complete. O

Mg gk

=
||

2

The harnonic univalent functions
l-« —
f(Z) =z+ Z km kn sz + Z km — (— 1)m—nakn yka, (7)

wherem € N, n € No, m > nand) o, || + > s |Yk| = 1, show that the coefficient bound given by
(5) is sharp. Te functions of the form?®) arein Sy(m, n; «) because

2\ (kM — k" k™ — (=)™ "ak" > °°
Z<1—|ak|+ 7 |bk|> =14+ I+ 1wl =2
-« -« k=2 k=1

k=1

In the following theorem, it is shown that the conditid@) (s dso necessary for functionf, = h+ gn,
whereh andg, are of the form 4).

Theorem 2. Let f,, = h + g be given by (4). Then f, € Sy(m, n; ) if and only if

D LK™ — akMay + K™ — (=)™ "akMby] < 2(1 - a). ®)
k=1

Proof. SinceSy(m, n; &) € Sy(m, n; «), we only need to prove the “only if” part of the theorem. To
this end, for functionsf, of the form @), we notice that the condition RP™ f,(z2)/D" fn(2)} > « is
equivalent to

1-—a)z— Z(km — akMaZX + (—1)2m-1 Z(km (=)™ "ak™ b, Z¥
k=2 k=1 > 0. ©)
7z — Z k”aka + (_1)m+n—1 Z knbkzk
k=2 k=1
The aove required conditior®j musthold for all values oz in U. Upon choosing the values afon the
positive real axis where @ z=r < 1, we must have

Re

l—a-— io:(km — akMarkt — io:(km — (=)™ kM) bkt
k=2 k=t > 0. (10)

1— Z knakrk—l _ (_l)m—n Z knbkr k—1
k=2 k=1

If the condition @) does not hold, then the numerator &0) is negaive for r sufficiently close to 1.
Hence here existzo = ro in (0, 1) for which the quotient inX0) is negatie. This contradicts the required
condition for f, € Sy (m, n; @) and so the proof is complete. [J

Next we deternme the extreme points of closed convex hulls 8f (m,n; «) denoted by
clcoSy(m, n; a).
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Theorem 3. Let f,, be given by (4). Then f,, € SH(m n; a) if and only if fm(z2) = > .=, (hk(2) +
YkOm (2)), where hi(z) = z, hw(z) = z — km — w2, (k= 23,..), ad gn (2 = z+
()" e 29 (k=1,2,..), % = 0, Yk = 0,1 = 1— 32, (% + Y&) > O. In particular, the
extreme points of Sy (M, n; ) are {hy} and {gm, }.

Proof. Suppose

oo

fn(2=_(%hk(2) + YO, (2))

k=1
=3 O+ Wz = Y A 4 (Y Iy
k=1 = KM —ak? kM — (=)™ Nakn T

ikm—ak” - « +ikm—(—1m_”ak” l-«
l-« km — gkn l-« km — (—l)m—”ozknyk

k=2 k=1
o0 o0
=D X+ =1l-x=<1
k=2 k=1

and sofy, € Sy(m, n; ).

Convesely, if f, € clcoSy(m, n; ), thena, < = andby < km_(_lfw Set
kM — okn — (=D)M-N k"
o= e k=23..). and y= DK, k=12,
11—« 11—«

Thennote that byTheorem 20 < x < 1, (k = 2,3,..)and 0< y < 1L, (k = 1,2,...). We
definex; = 1 — > 22, X — Y ey Yk and note that, byrheorem 2x; > 0. Consequently, we obtain
fm(2) = > o (h(2) + YkOk(2)) as required. O

The following theorem gives the distortion bounds for functionsSg(m, n; o) which yields a
covering result for this class.

Theorem 4. Let f, € Sy(m, n; «). Thenfor |z| =r < 1 we have

1/ 1- 1— (—pmn
< * _ ) Olb1>r2, lzl=r1 <1,

2m n_ 2m—n_a

[ fm(@)] = 1+ byr +

and

1 l-« 1-(-1)" "y
(@ = (1— by — = (2m S L ET ) =t <t
Proof. We only prove the right hand inequality. The proof for the left hand inequality is similar and will
be omitted. Letf, € S4(m, n; @). Taking theabsolute value of,, we have

| fm()] < (L+byr + Z(ak +bork < (L+byr + > (& + bor?
k=2 k=2

=1 +byr + iz Gl )( +br?
= 1 2”(2m”—a)k2 A + Ok
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1— r2 o km — okn kM — (—1)™-"gkn
<1 +byr + Sl a)Z( "o+ Eh « bk)
k=2

on(2m-n _ 11—« 11—«
1/ 1-a 1-(=D™" \ ,
< (1+ bl)r 2 <2m Y N o bl r<. O

The following covering result follows from the left hand inequalityTheorem 4

Corollary 5. Let fy, of theform (4) be so that f,, € Sy(m, n; ). Then

{ e T . <‘1)m_n)“b1} C fm(U).

2m — g2n 2m — g2n

Remark 1. Form=1,n=0;m = 2,n = 1 andm = n + 1 the alove covering result given ir8[4],
respectively.

For our next theorem, we need to define the convolution of two harmonic functions. For harmonic
functions of the formf(2) = z — > o, &z + (=)™ 1> 22 bkZX and Frn(2) = 2z — Y oo, AcZC +
(—=1nm-1 Y ket B,z we define he convolution of two harmonic function, and F, as

(frx Fn)(2) = fn(@) * Fn(D = 2= ) aAZ + (D™ ) "B Z*. (11)
k=2 k=1

Using this defnition, we show that the class; (m, n; «) is closed under convolution.

Theorem6. For 0 < B < a < llet f, € S4(M,n; @), and Fy € Sq(m, n; B). Then fr * Fy €
Sq(Mm, n; ) C S4(mM, n; B).

Proof. Let fn(2) = 2= p, & Z5+(—=D)™ 1 302 b Z¥be inSy(m, n; o) andFn(2) = 2—Y o, AcZ*+
(=nHm™ 12‘;01 B«Z¥, be inS4(m, n; ). Then he convolutionfy, x Fr, is given by (1). We wish to show

that the coefficients of, « F, satisfy the required condition given theorem 2For Fy, € Sy(m, n; )
we note thatAk < 1 andBy < 1. Now, for the convolution functiorf,, * F, we obtain

kn 1mnkn
/3 Ak+Z <> L.

k=2
00 km _ ,Bkn o) km _ (_1)m—nﬁkn
<) &+ bx
Z N
X KM — gkn X KM — (—1)M-Ngkn
S T AL T st

k=2

=
||
=

since0< B <a <landfy, e Sy(m, n; @). Therdore fp % Fp € Sy(m, n; ) € Sy(m,n; ). O
Now we shev that S, (m, n; «) is closed under convex combinations of its members.

Theorem 7. Theclass Sy (m, n; ) is closed under convex combination.

Proof. Fori =1,2,3,...let f, € Sq(m, n; ), where f,, is given by

fmi(z)zz—ZaKz + (=™ 1Z|bk||z

k=2
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Then by 8),
. (kM — k" K™ — (=)™ "k
kZ_;( v s o bh>52. (12)

ForZi’il i = 1,0<t <1, the convex combination df, may be written as

Zt. fm(2) =2 — Z (Zt, ) X+ (—pm? i (iti b|q> Z. (13)
k=1 \i=1

Then by (2),

[ kM — ok & k™ —( 1)m Nak" &

Z [ﬁ . tiag + Zt bk|:|
k™ — ak" — (D)™ "k

kZ;[ l-«o & + l-«o bk‘}}

This is the condition required byf and so) 2, ti fm (2) € Ssmn;a). O

Theorem 8. If f, € Sy(m, n; @) then fy, isconvex in the disc

lz| < mm{ (1-—o)1—-by }1/(k—1> s
K1-o— 11— (=DM a)b] ’ =23 ....

Proof. Let f, € Sy(m, n; @), and letr, 0 < r < 1, be fixed. Them 1 f,h(rz) € Sy(m, n; «) and we
have

> K(ag + b = Z K(a + b (kr 1)
k=2

Kkm _— kn kM _ (—1)M"ykn
—Z( . (1 — bk)'“k_l
—

<l-b
provided
krk-1 < 1 Db
- 1— 1— (ll)m ”ab

which istrue if

_ 1/(k-1)
(1-0@—by } . k=23... 0

' mm{k[l—a—(l—( 1" )by ]
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