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It is known that a group presentation P can be regarded as a 2-complex with a single 0-cell.

Thus we can consider a 3-complex with a single 0-cell which is known as a 3-presentation.

Similarly, we can also consider 3-presentations for monoids. In this paper, by using spher-
ical monoid pictures, we show that there exists a finite 3-monoid-presentation which has

unsolvable ‘‘generalized identity problem’’ that can be thought as the next step (or one-

dimension higher) of the word problem for monoids. We note that the method used in this

paper has chemical and physical applications.

Ó 2011 Elsevier Inc. All rights reserved.

1. Introduction

Presentations of algebras through finite rewriting systems have received much attention since they admit simple algo-
rithms for solving the word problem. Especially, when the considered algebras are monoids or groups, the notion of rewrit-
ing systems coincides with string-rewriting systems. We may refer to [2,4,10] for the relationship between homological
finiteness condition FP1 and word problems. In this paper, we approximate to the word problem by using monoid pictures.
This approximation will be called as the generalized identity problem for monoids which is the analogue of the next step (or
one dimension higher) of the word problem.

Let M be a monoid defined by a presentation

P ¼ y; s½ �; ð1Þ

where y is the set of generating symbols and, for distinct positive words S+ and Sÿ on y, each S in the relation set s is an ordered
pair (S+,Sÿ). We remark that one of S+ or Sÿ could be the empty positive word. We usually write S:S+ = Sÿ. Moreover, P is said
to be finite if y and s are both finite. One can define a monoid MðPÞ associated with P. In fact MðPÞ is the quotient of bFðyÞ by
the smallest congruence generated by s, where bFðyÞ is the free monoid on y. IfW is a word on y, then the congruence classW
denotes an element ofMðPÞ. (The notationMwill be used instead ofMðPÞ at the rest of this paper.) A 3-monoid-presentation
K is a triple

y; s;Y½ �;

where Y is the set of spherical monoid pictures (see [3,9]) over the underlying presentation P. Further, K is said to be finite if y,
s and Y are all finite. (At this point, we note that 3-monoid-presentation K can be regarded as a connected 3-complex in
homotopy theory which will not be needed here.)
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We recall that the word problem for monoids is the same question with the question of asking for the existence of an
algorithm to determine whether or not W1 ¼ W2 in M for arbitrary words W1 and W2 on y. Let H be a finitely generated sub-
monoid ofM. Then, for any arbitrary wordW on y, the submonoid word problem for H inM is the problem of deciding whether
or not W defines an element of H. It is clear that if H is trivial, then the submonoid word problem simply becomes the word
problem. For the group case, Novikov ([8]) proved that there exists a finitely presented group with unsolvable word problem. As
a natural extension of this result, we can think that there exists a finitely presented monoid with unsolvable word problem
and then we can formulate the word problem for monoids as follows:

Let us consider a finite 3-monoid-presentation K. For any arbitrary element of the trivializer set DðPÞ ([3,9]), one can ask
whether the image of this element is trivial or not under the induced homomorphism h� : DðPÞ ! DðKÞ.

After that, we can formulate the generalized identity problem for monoids as follows:

For any spherical monoid picture P over the presentation P, as in (1), is there an algorithm to decide whether P is equiv-
alent (relative to Y) to the empty picture, for a given finite 3-monoid-presentation K ¼ ½y; s;Y�?

We note that, by the same approach, the generalized identity problem for groups has first been formulated by Bogley and
Pride in [1, Theorem 1.6].

The main result of this paper is the following.

Theorem 1.1. There is a finite 3-monoid-presentation K with unsolvable generalized identity problem. Furthermore, since K can
be chosen, the word problem for the underlying presentation P is solvable.

Before giving the proof of Theorem 1.1, we may refer to [3,4,9,10] for the notions of pictures over monoid presentations,
trivializer (i.e. generating pictures) and free resolutions which will be needed in the next section.

As explained in [9], the fundamental point of monoid pictures are actually (directed) Squier graphs. Therefore some graph
invariants such as graph index, graph energy ([5,7]) can also be studied for these algebraic graphs and so for monoid pictures.
We recall that since the indexes obtained from special type of graphs are proposed molecular structure-descriptors used in
the modelling of certain features of the 3D structure of organic molecules, in particular the degree of folding of proteins and
other long-chain biopolymers, they have a quite important role in chemistry. In other words, all well known applications of
graph invariants in chemistry (see [6] for a brief summary) similarly hold for Squier graphs in a different manner.

2. Proof of the main theorem

In this section, we pick a special monoid M to obtain a finite 3-monoid-presentation K. Then, by taking an arbitrary word
W on the generating set ofM, we will consider the set of spherical monoid pictures, say PW , such that each PW is defined over
the presentation of M. Later, we will show that PW is equivalent to the empty picture if and only if W defines an element of a
special submonoid of M, say L. Thus we can conclude that K has unsolvable generalized identity problem since, by the
assumption on L, the submonoid word problem for L in M is unsolvable.

Let us suppose that M is a finitely presented monoid with the presentation PM ¼ ½y; s� such that,

(1) the word problem for the monoid M is solvable,
(2) DðPMÞ has a finite trivializer (see [9]),
(3) there exists a finitely generated submonoid L of M such that the submonoid word problem for L in M is unsolvable.

In order to give an example of the above construction, we may take M to be the free abelian monoid F2 � F2 of two free
monoids of rank 2 with the presentation

PM ¼ ½x1; x2;X1;X2; y1; y2;Y1;Y2; x1X1 ¼ X1x1 ¼ x2X2 ¼ X2x2 ¼ 1;

y1Y1 ¼ Y1y1 ¼ y2Y2 ¼ Y2y2 ¼ 1;

xiyj ¼ yjxi; ðfor all i and jÞ�:

It is clear that M satisfies the conditions (1), (2) and (3).
Let M2,1 be a cyclic monoid of order 2 with the presentation P2;1 ¼ ½x; x2 ¼ x�. Moreover let us consider the monoid

T =M �M2,1 given by a presentation (see [3])

PT ¼ y; x; s; x2 ¼ x; yx ¼ xyðy 2 yÞ
� �

: ð2Þ

It is well known that M2,1 has a solvable word problem and also, by the assumption, M has a solvable word problem. More-
over, since both M and M2,1 are finitely generated, T is finitely generated and also the solvability of the word problem for T is
obvious.

Before we proceed, we need the following definition.
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Definition 2.1. Let y1� � �yjyj+1� � �yn be a word on y. Then a commutator monoid picture Dy1 ���yjyjþ1 ���yn is a picture over
[y,x;yx = xy(y 2 y)] of the form as depicted in Fig. 1(a). Moreover, if Dy1���yjyjþ1���yn is a picture over [y,x;x2 = x,yx = xy(y 2 y)],
then it is equivalent to a picture as shown in Fig. 1(b).

Suppose thatw = {w1,w2, . . . ,wk} is a set of words on ywhich represents a finite set of generators of L. Let Y1 be a finite set
of spherical monoid pictures which generates DðPMÞ. For each S:S+ = Sÿ 2 s, let Y2 be a finite set of spherical monoid pictures
(see [3, Figs. 3(a) and (b)]) over the presentation PT , as given in (2). Also let Y3 consists of the single picture P

1
2;1, as drawn in

Fig. 1(c). In fact, by [3, Lemma 4.4], Y3 is the trivializer of DðP2;1Þ. Finally, for each wi 2w, let Y4 be a finite set of monoid
pictures over PT of the form as shown in Fig. 2(a). We note that the subpictureDwi

is a commutator monoid picture and fixed
over the presentation [y,x;yx = xy(y 2 y)].

Let Y = Y1 [ Y2 [ Y3 [ Y4. Since each Yj (1 6 j 6 4) is finite, Y is finite. Therefore we have a finite 3-monoid-presentation

K ¼ y; x; s; x2 ¼ x; yx ¼ xyðy 2 yÞ;Y
� �

;

such that the underlying presentation PT has solvable word problem.
For any word W on y, let PW be a monoid picture of the form as shown in Fig. 2(b). As in Dwi

, the commutator monoid
subpicture DW is fixed over the presentation [y,x;yx = xy(y 2 y) ].

Now, we will show that PW is equivalent to the empty picture (relative to Y) if and only if W defines an element of L, and
hence K has unsolvable generalized identity problem since the submonoid word problem for L in M is unsolvable.

Lemma 2.2. If W defines an element of L, then PW is equivalent to the empty picture (relative to Y) over PT .

Proof. Suppose thatW defines an element of L. Then, for somewi’s from the setw, the congruence classW ¼ w1w2 � � �wn will
be an element in M. Thus there is a monoid picture B over PM ¼ ½y; s� with the boundary label w1w2� � �wn =W. Now let us
consider the monoid picture P

0 as in Fig. 3(a), where Dw1w2 ���wn¼W is a commutator monoid picture. We note that P0 is equiv-
alent to the picture P

00 as depicted in Fig. 3(b). By [3, Section 4.1], the set Y1 [ Y2 is a trivializer of Dð½y; x; s; yx ¼ xyðy 2 yÞ�Þ.
Thus the picture P

00 (and so P
0) is equivalent (relative to Y1 [ Y2) to the empty picture.

If we insert P0 at the top of openPW and apply the collection of the operations defined in [3,9], then we obtain the monoid
picture P

1
W , as in Fig. 2(c), which contains two subpictures PD and Bid. Since the subpicture Bid is equivalent to the empty

picture, we can delete it. Moreover, by Definition 2.1, the subpicture PD transforms P0
D
as shown in Fig. 4(b). In P

0
D
, we can

delete the subpicture SW (see Fig. 4(a)), since it is equivalent to the empty picture (by applying the operations on monoid
pictures [3,9]). Furthermore, by applying a sequence of Definition 2.1, we obtain the picture P

2
W (see Fig. 4(c)) which is

equivalent (relative to Y3) to the empty picture. In fact, all above processes show that the picture PW is equivalent (relative to
Y) to the empty picture, as required. h

The following lemma can be thought as a dual of the above lemma.

Lemma 2.3. If W does not define any element of L, then PW is not equivalent to the empty picture (relative to Y) over PT .

Proof. Suppose that W does not define an element of L and suppose also that PW can be obtained from the spherical monoid
pictures in Y. Let PðlÞ

2 be the free left ZT-module with basis feS : S 2 sg [ fex2¼xg [ feyx¼xy : y 2 yg. Now we will determine the
image of PW in PðlÞ

2 . For the sake of simplicity, let us label the relator x2 = x by C.

Fig. 1. (a) Commutator monoid picture, (b) commutator monoid picture and (c) picture P
1
2;1 .
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Let us take PðlÞ
2 ¼ ZTeC � P0

2
ðlÞ
, where P0

2
ðlÞ

is the free ZT-module with the basis excluding {eC}. (We recall that a left
evaluation [9], say k, for a picture F is the collection of words over arcs from the outer basepoint of F to the basepoints of each
discs inside of F). Then, as a left evaluation, the image of PW in PðlÞ

2 is

kW ¼ ðW ÿ 1ÞeC þ k0W

for some k0W 2 P0
2

ðlÞ
, and the image of Pwi

(Pwi
2 Y4) is

ki ¼ ðwi ÿ 1ÞeC þ k0i

for some k0i 2 P0
2

ðlÞ
. Also let the image of each PS (S 2 s) be kS and let, for a picture QR (QR 2 Y1), the image of QR be kQ;R. We

should note that kS and kQ;R are contained in P0
2

ðlÞ
.

Fig. 2. (a) Monoid picture Pwi
, (b) monoid picture PW and (c) monoid picture P

1
W .

Fig. 3. (a) Monoid picture P
0 and (b) monoid picture P

00 .

Fig. 4. (a) Subpicture SW , (b) monoid picture P
0
D
and (c) monoid picture P

2
W .
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By the assumption, since PW can be obtained from the spherical pictures in the set Y, we have

kW ¼ b1k1 þ b2k2 þ � � � þ bnkn þ a0kC þ
X

S2s

aSkS þ
X

QR2Y1

aQ;RkQ;R;

where each a’s and b’s belongs to ZT . Now if we equalize the coefficients of eC, then we get

W ÿ 1 ¼ b1ðw1 ÿ 1Þ þ b2ðw2 ÿ 1Þ þ � � � þ bnðwn ÿ 1Þ þ a0ðxÿ 1Þ:

After all, by considering the induced ring homomorphism

ZT ! ZM ! ZðM=LÞ; �y#�y#�yLðy 2 yÞ; �x#1#1L;

we obtain WLÿ 1L ¼ 0. In other words, W defines an element W of L which contradicts with our assumption.
Hence the result. h
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