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ON SLANT RIEMANNIAN SUBMERSIONS FOR
COSYMPLECTIC MANIFOLDS

IREM KUPELI ERKEN AND CENGIZHAN MURATHAN

ABSTRACT. In this paper, we introduce slant Riemannian submersions
from cosymplectic manifolds onto Riemannian manifolds. We obtain
some results on slant Riemannian submersions of a cosymplectic man-
ifold. We also give examples and inequalities between the scalar curva-
ture and squared mean curvature of fibres of such slant submersions in
the cases where the characteristic vector field is vertical or horizontal.

1. Introduction

Riemannian submersions were introduced in the sixties by B. O’Neill and
A. Gray (see [9], [20]) as a tool to study the geometry of a Riemannian man-
ifold with an additional structure in terms of certain components, that is, the
fibers and the base space. The Riemannian submersions are of great interest
both in mathematics and physics, owing to their applications in the Yang-Mills
theory ([3], [30]), Kaluza-Klein theory ([4], [12]), supergravity and superstring
theories ([13], [18]), etc. Riemannian submersions were considered between al-
most complex manifolds by Watson in [29] under the name of almost Hermitian
submersion. For Riemannian submersions between almost contact manifolds,
Chinea [7] studied under the name of almost contact submersions. Further,
B. Sahin [24] introduced a kind of submersion which was defined from almost
Hermitian manifolds to any Riemannian manifolds. Recently there are several
kinds of submersions according to the conditions on it: e.g., contact-complex
submersion [10], quaternionic submersion [11], almost h-slant submersion and
h-slant submersion [22], semi-invariant submersion [27], h-semi-invariant sub-
mersion [23], etc.

On the other hand, the study of slant submanifolds was initiated by B.
Y. Chen in [6]. In [24], B. Sahin studied slant submersions from an almost
Hermitian manifold to a Riemannian manifold and generalized his results which
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were given in [25]. He also suggested to investigate slant submersions from
almost contact metric manifolds onto Riemannian manifolds [26].

In this paper, we consider slant Riemannian submersions from cosymplec-
tic manifolds. We obtain some results on slant Riemannian submersions of a
cosymplectic manifolds.

The paper is organized in the following way. In Section 2, we recall some
notions needed for this paper. Section 3 deals with cosymplectic manifolds. In
Section 4, we give definition of slant Riemannian submersions and introduce
slant Riemannian submersions from cosymplectic manifolds onto Riemannian
manifolds. We survey main results of slant submersions defined on cosymplec-
tic manifolds and obtain some interesting properties about them. We construct
examples of slant submersions in the cases where the characteristic vector field
¢ is vertical or horizontal. We give a sufficient condition for a slant Riemann-
ian submersion from cosymplectic manifolds onto Riemannian manifolds to be
harmonic. Moreover, we investigate the geometry of leaves of (ker F,) and
(ker F,)*. Here, we find a necessary and sufficient condition for a slant Rie-
mannian submersion to be totally geodesic. We give sharp inequalities between
the scalar curvature and squared mean curvature of fibres such that character-
istic vector field & is vertical or horizontal. Moreover, we know that the anti-
invariant submersions are special slant submersions with slant angle ¢ = 7.
We investigated such a submersions in [17]. Especially, we give some addi-
tional results for anti-invariant submersions from a cosymplectic manifold to a
Riemannian manifold such that (ker F.)t =¢(ker(F,)) @ {£}.

2. Riemannian submersions

In this section we recall several notions and results which will be needed
throughout the paper.

Let (M, gar) be an m-dimensional Riemannian manifold and let (N, gn) be
an n-dimensional Riemannian manifold. A Riemannian submersion is a smooth
map F': M — N which is onto and satisfying the following axioms:

S1. F has maximal rank.

S52. The differential F, preserves the lengths of horizontal vectors.

The fundamental tensors of a submersion were defined by O’Neill ([20], [21]).
They are (1, 2)-tensors on M, given by the following formulas:

(2.1) T(E,F)=TgF =HVyeVF + VVyrHF,
(2.2) A(E,F)=AgF =VVypHF + HVypVF,

for any vector fields E and F on M. Here V denotes the Levi-Civita connection
of (M, gar). These tensors are called integrability tensors for the Riemannian
submersions. Note that we denote the projection morphism on the distributions
kerF,, and (kerF,)* by V and H, respectively. The following lemmas are well
known ([20], [21]):
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Lemma 1. For any U, W wvertical and X,Y horizontal vector fields, the tensor
fields T and A satisfy

(2.3) i) ToW =TwU,
(2.4) i) AxY = -AyX = %V [X,Y].

It is easy to see that 7T is vertical, Tg = Ty, and A is horizontal, A = Ay E.

For each ¢ € N, F~1(q) is an (m — n)-dimensional submanifold of M. The
submanifolds F~1(q), ¢ € N, are called fibers. A vector field on M is called
vertical if it is always tangent to fibers. A vector field on M is called horizontal
if it is always orthogonal to fibers. A vector field X on M is called basic if X
is horizontal and F-related to a vector field X on N, i.e., F.X, = X,p(,) for
all p e M.

Lemma 2. Let F : (M, gnx) — (N, gn) be a Riemannian submersion. If X, Y
are basic vector fields on M, then

i) gu(X,Y) = gn(X,,Yi) 0 F,

ii) H[X,Y] is basic and F-related to [X., Y],

iil) H(VxY) is a basic vector field corresponding to V;(* Y., where V* is the
connection on N.

iv) for any vertical vector field V, [ X, V] is vertical.

Moreover, if X is basic and U is vertical, then H(Vy X) = H(VxU) = AxU.
On the other hand, from (2.1) and (2.2) we have

(2.5) VyW =Ty W + Vi W,

(2.6) VyX =HVy X + T X,
(2.7) VxV = AxV +VVyV,
(2.8) VxY = HVxY + AxY,

for X,Y € I'((ker F,)*) and V, W € ['(ker F, ), where VyyW = V'V W. On any
fibre F~1(q), ¢ € N, V coincides with the Levi-Civita connection with respect
to the metric induced by gps. This induced metric on fibre F~1(q) is denoted
by g.

Notice that 7 acts on the fibres as the second fundamental form of the sub-
mersion and restricted to vertical vector fields and it can be easily seen that
T = 0 is equivalent to the condition that the fibres are totally geodesic. A Rie-
mannian submersion is called a Riemannian submersion with totally geodesic
fibers if T vanishes identically. Let Ux,...,Us,—, be an orthonormal frame
of I'(ker F\). Then the horizontal vector field H = 1= >>7"" T, U; is called
the mean curvature vector field of the fiber. If H = 0, then the Riemann-
ian submersion is said to be minimal. A Riemannian submersion is called a
Riemannian submersion with totally umbilical fibers if

(2.9) TUW = g]u(U, W)H
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for U,W € I'(ker Fy). For any E € I'(TM),Tg and Ag are skew-symmetric
operators on (I'(T'M), gar) reversing the horizontal and the vertical distribu-
tions. By Lemma 1, horizontal distribution # is integrable if and only if 4 = 0.
For any D, E,G € I'(T M), one has

(2.10) 9(TbE,G) + g(TpG, E) =0
and
(2.11) 9(ApE,G) + g(ApG, E) =0.

The tensor fields A, 7 and their covariant derivatives play a fundamental role in
expressing the Riemannian curvature R of (M, g). By (2.5) and (2.6), B. O’Neill
[20] gave

(212)  R(S,W,V,U) = g(R(S,W)V,U)
= R(S,W.V.U) + g(TuW.Tv8) = g(Ty W, Ty S),
where R is Riemannian curvature tensor of any fibre (F~1(q), §,). Precisely, if

{U,V} is an orthonormal basis of the vertical 2-plane, then the equation (2.12)
implies that

(2.13) K{UAV)=KUAV)+ || ToV ||? —g(TuU, Ty V),

where K and K denote the sectional curvature of M and fibre F ~1(q), respec-
tively. Moreover, the following formula was stated in [20]

(214) R(Yv Wa Va X) = g((VXT)(Vv W)a Y) + g((vVA)(Xv Y)v W)
—g(Tv X, TwY) + g(AxV, Ay W)

for any X,Y, Z € I'((ker F.)1), V,W € I'(ker F).

We recall the notion of harmonic maps between Riemannian manifolds. Let
(M, gp) and (N, gn) be Riemannian manifolds and suppose that ¢ : M — N
is a smooth map between them. Then the differential ¢, of ¢ can be viewed as
a section of the bundle Hom(T' M, o~ *T'N) — M, where ¢~ 'T N is the pullback
bundle which has fibres (¢~!T'N), = Ty N, p € M. Hom(T' M, @ 'TN) has
a connection V induced from the Levi-Civita connection VM and the pullback
connection. Then the second fundamental form of ¢ is given by

(2.15) (Ve )(X,Y) = Ve, (V) — 0, (VYY)

for X, Y € T'(T M), where V¥ is the pullback connection. It is known that the
second fundamental form is symmetric. If ¢ is a Riemannian submersion, it
can be easily proved that

(2.16) (Vo )(X,Y)=0

for X,V € I'((ker F,)*). A smooth map ¢ : (M, gn) — (N, gn) is said to be
harmonic if trace(Vp,) = 0. On the other hand, the tension field of ¢ is the
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section 7(p) of I'(@ 1T N) defined by

i=1
where {ej,...,en} is the orthonormal frame on M. Then it follows that ¢ is

harmonic if and only if 7(¢) = 0; for details, see [1].

3. Cosymplectic manifolds

A (2m + 1)-dimensional C*°-manifold M is said to have an almost contact
structure if there exist a tensor field ¢ of type (1,1) on M, a vector field £ and
1-form 7 satisfying
(3.1) ¢* = —T+n®E& =0, n0¢=0, 7§ =1
There always exists a Riemannian metric g on an almost contact manifold M
satisfying the following conditions

(32) 9(¢X,9Y) = g(X,Y) = n(X)n(Y), n(X) = g(X,¢),
where X,Y are vector fields on M.

An almost contact structure (¢, &, n) is said to be normal if the almost com-
plex structure J on the product manifold M x R is given by

T, 5) = (60X — f&n(X) D),

where f is the C*°-function on M X R has no torsion, i.e., J is integrable. The
condition for normality in terms of ¢, £ and 71 is [¢,¢] + 2dn ® & = 0 on M,
where [, ¢] is the Nijenhuis tensor of ¢. Finally, the fundamental 2-form ® is
defined by ®(X,Y) = g(X, ¢Y).

An almost contact metric structure (¢, &, , g) is said to be cosymplectic, if
it is normal and both ® and 7 are closed ([2], [16]), and the structure equation
of a cosymplectic manifold is given by

(3.3) (Ve¢)G =0

for any E, G tangent to M, where V denotes the Riemannian connection of the
metric g on M. Moreover, for a cosymplectic manifold, we know that

(3.4) ViE = 0.

The ¢-sectional curvature of a cosymplectic manifold M is defined for any unit
vector £ on M orthogonal to £ by the formula

(3.5) H(E) = g(R(E, ¢E)OE, E).
If a cosymplectic manifold M has ¢-sectional curvature c, then M is called a

cosymplectic space form and denoted by M(c), [31]. So the curvature tensor R
of a cosymplectic space form M (c) is given by

(3.6)
R(X,Y)Z = $(9(Y, 2)X = (X, 2)Y +n(X)n(Z)Y —n(Y)n(2)X
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+9(X, Z)n(Y)§)
—g(Y, Z)n(X)E+ g(8Y, Z)p X — g(¢X, Z)9Y —29(¢X,Y)9Z),
in [31] for any tangent vector fields X,Y, Z to M(c).
The canonical example of cosymplectic manifold is given by the product

B?" x R of the Kihler manifold B?"(J,g) with the real line R. Now we will
give some well known examples which are cosymplectic manifolds on R?"+1,

Example 1 ([19]). We consider R?"*! with Cartesian coordinates (z;,y;, 2)
(i=1,...,n) and its usual contact form

n=dz.

The characteristic vector field & is given by % and its Riemannian metric g
and tensor field ¢ are given by

n 0 65 O
9=> ((dzi)* + (dy;)*) + (dz)>, = | =6 0 0 |, i=1,..,m
i=1 0 0 0
This gives a cosymplectic structure on R?*"*1. The vector fields E; = Biy-’

E.y = %, ¢ form a ¢-basis for the cosymplectic structure. On the other
hand, it can be shown that R2"T1(¢, £ 7, g) is a cosymplectic manifold.

Example 2 ([14]). We denote the Cartesian coordinates in R® by (x1,z2, 23,
Z4,75) and its Riemannian metric g by

1+72 0 2

T 0 —7
0 1 0 0 O
g= 0 1+72 0 -7 |,
0 0 0 1 0
—T 0 —T 0 1

where 7 = sin(z; + 23). We define an almost contact structure (¢, &,n) on R®
by

0 -1 0 0 O

1 0 0 0 O P
=10 0 0 -1 0 |, n=—-7dry—7drs+drs, £=—.

0 0 1 0 0 Ows

0O -7 0 —7 O

The fundamental 2-form ® has the form
b= —(dl‘l ANdzs + drs A d$4)

This gives a cosymplectic structure on R5. If we take vector fields E; = 6%1 +
) _ 0 ) _ _ 0 _ _ 8 _ 0
Toes B2 = 55 + T30, 0B = B3 = 57, ¢F2 = Ey = 57 and Es =

615 )

then these vector fields form a frame field in R®.
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4. Slant Riemannian submersions

Definition 1. Let M (¢,&,n, gar) be a cosymplectic manifold and (N, gy ) be a
Riemannian manifold. A Riemannian submersion F : M (¢,&,n, gar) — (N, gn)
is said to be slant if for any non zero vector X € T'(ker Fy) — {{}, the angle
0(X) between ¢X and the space ker F is a constant (which is independent of
the choice of p € M and of X € I'(ker Fy) — {£}). The angle 0 is called the
slant angle of the slant submersion. Invariant and anti-invariant submersions
are slant submersions with 6 = 0 and 6 = /2, respectively. A slant submersion
which is not invariant nor anti-invariant is called proper submersion.

Now we will give some examples.

Example 3. R® has got a cosymplectic structure as in Example 1. Let F :
R®> — R? be a map defined by F(z1,22,y1,y2,2) = (%(ml — Z2),y2). Then,
by direct calculations we have

1

ker F,, = span{Vy = Fy, Vo = 7

(E3 + Ey), V3 =& = Es}

and 1
(ker F,.)*" = span{H, = —(F3 — E,), Hy = E»}.

V2
Then it is easy to see that F' is a Riemannian submersion. Moreover, ¢V, = Ej3
and ¢Vz = —Z5(E1 + E») imply that [g(¢V1,12)] = —5. So F is a slant
submersion with slant angle § = 7 and § is a vertical vector field.
Example 4. R5 has got a cosymplectic structure as in Example 2. Let F :
R® — R? be a map defined by F(x1,22,y1,¥2,2) = (%(ml Y1), \/ii(acg —y2)).
Then, a simple calculation gives

1 1
ker Fy, = span{V}, = —=(F3 + E4), Vo = —(E1 + E3), V3=¢(=FE
pan{ Vi \/5(3 4)2\/5(1 2), Va=£&=Es}
and ) )
(ker F,,)* = span{H, = —(E3 — E4), Hy = —(F, — E)}.

V2 V2

Then it is easy to see that F' is a Riemannian submersion. Moreover, ¢V, =

f%(El + Ey) and ¢Va = —5(Es + Ey) imply that |g(¢V1, V)| = 1. So Fis a

slant submersion with slant angle 6 = 0.

Example 5. R has got a cosymplectic structure as in Example 1. Let F :

R® — R? be a map defined by F(x1,22,y1,Y2,2) = (== (21 — T2),y2, z). Then,

V2
by direct calculations we obtain

1
ker F, = span{Vy = E1, Vo = —2(E3 + Ey)}

and
1
(ker F,)* = span{H; = —2(E3 — Ey), Hy = Ey, H3 = ¢},
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Then it is easy to see that F' is a Riemannian submersion. Moreover, ¢V; = Ej3

and ¢Vz = —Z5(E1 + E») imply that [g(¢V1,12)] = —5. So F is a slant
submersion with slant angle § = 7 and § is a horizontal vector field.

4.1. Slant Riemannian submersions admitting vertical structure vec-

tor field

In this subsection, we will investigate the properties of slant Riemannian
submersions from a cosymplectic manifold onto a Riemannian manifold such
that characteristic vector field £ is a vertical vector field.

Now, let F' be a slant Riemannian submersion from a cosymplectic mani-
fold M(¢,&,m, gar) onto a Riemannian manifold (N, gn). Then for any U,V €
I'(ker F.), we put

(4.1) oU = U + wU,

where U and wU are vertical and horizontal components of ¢pU, respectively.
Similarly, for any X € I'(ker F,)*, we have

(4.2) ¢X = BX +CX,

where BX (resp. CX) is vertical part (resp. horizontal part) of ¢X.
From (3.2), (4.1) and (4.2) we obtain

and
(4.4) gu(WU,Y) = —gu (U, BY)

for any U,V € I'(ker Fy.) and Y € F((kerF*)L).
Using (2.5), (2.7) and (3.4) we obtain

(4.5) To€E=0, Ax(E=0

for any U € I'(ker F}.), X € I'((ker F,)*1).
From (3.1), (4.1) and (4.2) we can easily obtain following lemma.

Lemma 3. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M (4,€,1,9m) to a Riemannian manifold (N, gn). Then we have

—X =wBX +C%X,
0=vBX + BCX,
¢°U = ¢°U + BwU,
0 = wypU + CwU,
gm(CX, 9U) = —gu(BX,¢U)
for any X € T'((ker F,)*) and V € T'((ker F.)).

Proposition 1 ([15]). Let F be a Riemannian submersion from an almost
contact manifold onto a Riemannian manifold. If dim(ker Fy) = 2 and £ is a
vertical vector field, then fibers are anti-invariant.
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Theorem 1. Let M (¢,&,m, gar) be a cosymplectic manifold of dimension 2m+1
and (N, gn) s a Riemannian manifold of dimension n. Let F : M(¢,&,1,9m)
— (N, gn) be a slant Riemannian submersion. Then the fibers are not proper
totally umbilical.

Proof. If the fibers are proper totally umbilical, then we have
ToV =gu(U,V)H

for any vertical vector fields U,V where H is the mean curvature vector field
of any fibre. Since 7¢¢£ = 0, we have H = 0, which shows that fibres are
minimal. Hence the fibers are totally geodesic. This completes the proof of the
theorem. 0

By (2.5), (2.6), (4.1) and (4.2), we have

(4.6) (Vyw)V =CTyV — TyyV,
(4.7) (Vu)V = BTyV — TywV,
where

(4.8) (Vyw)V = HVywV —wViV,
(4.9) (Vo)V = VygV — ViV,

for U,V € I'(ker F).

We will give a characterization theorem for slant submersions of a cosym-
plectic manifold. Since the proof of the following theorem is quite similar to
Theorem 3 of [15], so we don’t give the proof of it.

Theorem 2. Let F' be a Riemannian submersion from a cosymplectic manifold
M($,&,m,90m) onto a Riemannian manifold (N, gy) such that & € T'(ker F).
Then, F is a slant Riemannian submersion if and only if there exists a constant
A € 10,1] such that

(4.10) PP =-NI-n®¢).

Furthermore, in such a case, if 0 is the slant angle of F, it satisfies that A =
2
cos” 6.

By using (3.2), (4.1), (4.3) and (4.10), we have the following lemma.

Lemma 4. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M(p,&,m,9m) onto a Riemannian manifold (N, gn) with slant angle 6.
Then the following relations are valid

(4.11) gu (WU, V) = cos? 0(gu (U, V) = n(U)n(V)),
(4.12) g (WU, wV) = sin® 0(ga (U, V) = n(U)n(V)),

for any U,V € T'(ker F,).
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We denote the complementary orthogonal distribution to w(ker Fy) in
(ker F},)* by p. Then we have
(4.13) (ker F*)L = w(ker F,) & p.

Lemma 5. Let F be a proper slant Riemannian submersion from a cosymplec-
tic manifold M($,&,n,gnm) onto a Riemannian manifold (N, gn). Then p is
an invariant distribution of (ker Fy.)*, under the endomorphism ¢.

Proof. For X € T'(u) and V € T'(ker F,), from (3.2) and (4.1), we obtain
gm (@X,wV) = g (X, dV) — g (¢ X, 4V)
= gu(X, V) =n(X)n(V) — gu (X, 9V)
= gm (X, ¢ypV) =0.

In a similar way, we have gy (¢ X,U) = —gu(X,0U) = 0 due to ¢U €
I((ker Fy) ® w(ker Fy)) for X € I'(n) and U € T'(ker Fy). Thus the proof
of the lemma is completed. (I

By help (4.12), we can give the following result:

Corollary 1. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M>*™ (¢, &,m,g0) onto a Riemannian manifold (N™, gn).
Let {e1, ea,...,eam—n, &} be a local orthonormal frame of (ker Fy). Then

{cscOweq, cscOwes, . . ., csc Oweanm —n }
is a local orthonormal frame of w(ker Fy.).

By using (4.13) and Corollary 1, one can easily prove the following proposi-
tion.

Proposition 2. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M*™ (¢, &,m,gr) onto a Riemannian manifold (N™, gn).
Then dim(u) = 2(n —m). If u = {0}, then n = m.

Lemma 6. Let F be a proper slant Riemannian submersion from a cosymplec-
tic manifold M?*™ (¢, &, n, gn) onto a Riemannian manifold (N2, gn) such
that & is vertical. Then there exists a local orthonormal frame

{e1,secOpey, ea,secipes, . .., em_n,secOtbe,_n, £}

of (ker F).

Proof. Let e1 be a unit vector field of (ker F}) such that it is perpendicular to &.
We put e = secfipe;. By (4.11), we have e L{e1, &} and gar(sec Opeq, sec Oper)
= 1. Now we choose a unit vector field es orthogonal to e1, e = sec6ye; and
&. Then secipey is also a vector field orthogonal to ej,sec8ve;, € and eo,
and also gz (sec 8ieq, secOpes) = 1. Proceeding in this way, we obtain a local
orthonormal frame {e;, e} =secOipe;, & i =1,...,m —n} of (ker Fy). O



ON SLANT RIEMANNIAN SUBMERSIONS FOR COSYMPLECTIC MANIFOLDS 1759

Lemma 7. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M(¢,&,m,9nm) onto a Riemannian manifold (N, gn). If w is parallel, then
we have

(4.14) TypupU = — cos® 0Ty U.

Proof. If w is parallel, from (4.6), we obtain CTyV = TyyV for U,V €
I'(ker Fy). After putting V instead of U and using (2.3), we obtain

TopV = TyyU.

Substituting V' by U in the above equation and using Theorem 2, we get the
required formula. ([

We give a sufficient condition for a slant Riemannian submersion to be har-
monic as an analogue of a slant Riemannian submersion from an almost Her-
mitian manifold onto a Riemannian manifold in [25].

Theorem 3. Let F be a slant Riemannian submersion from a cosymplectic
manifold M (¢p,&,m, gar) onto a Riemannian manifold (N, gn). If w is parallel,
then F' is a harmonic map.

Proof. The proof is similar to the proof of Theorem 4 in [15] and [25]. O
Now putting @ = ¥?, we define VQ by

(4.15) (VuQ)V = VVyQV — QVyV

for any U,V € I'(ker F).

Theorem 4. Let F be a slant Riemannian submersion from a cosymplectic
manifold M (p,&,m, gar) onto a Riemannian manifold (N, gn). Then VQ = 0.

Proof. From (4.10),
(4.16) QVyV = —cos? 0(VyV — n(VyV)E)

for each U,V € T'(ker F.), where 6 is the slant angle. On the other hand, the
following equation is valid,

(4.17) V(VuQV) = —cos? 0(VyV — n(VuV)E.
Combining (4.16) and (4.17), we obtain (VyQ)V = 0. This completes the
proof. O

We now investigate the geometry of leaves of (ker F, )+ and ker F..

Theorem 5. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M (¢,€,m, grr) onto a Riemannian manifold (N, gn). Then the
distribution (ker F.)* defines a totally geodesic foliation on M if and only if

gM(HVXY, w’L/JU) = g]\/[(AXBK wU) + gM(HVXCY, wU)
for any X, Y € T'((ker F,)*) and U € T(ker F).
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Proof. From (3.3) and (4.1), we have

(4.18) g (VxY,U) = —gm(¢Vx oY, U) + g (VxY,&)n(U)
= gm(Vx9Y,0U) + gu(VxY,En(U)
= gm(dVxY,YU) + gu(Vx oY, wU) + gu(VxY, §n(U)

for any X,Y € ['((ker F,)*) and U € I'(ker F}).
Using (3.3) and (4.1) in (4.18), we obtain

(4.19) gu(VxY,U) = — gu(VxY,0?U) — gu(Vx Y, wypU)
+9m(VxY, On(U) + gu(Vx oY, wl).

By (4.2) and (4.10) we have

(4.20) g (VxY,U) = cos®Ogp (VxY,U) — cos? On(U)n(VxY)

—gm(VxY,wpU) + gu(VxY,En(U)
+ g (VxBY,wU) 4+ gp(VxCY,wU).

Using (2.7), (2.8) and (3.4) in the last equation, we obtain
g (HV xY,wpU) = grr (AxBY,wU) + g (HV xCY,wU)

which proves the theorem. (I

Theorem 6. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M(¢,&,n,gr) onto a Riemannian manifold (N, gn). Then the
distribution (ker F.) defines a totally geodesic foliation on M if and only if

g (HVywV, X) = gy (TuwV, BX) + gy (HVpwV, CX)
for any U,V € I'(ker F.) and X € T'((ker F,)").
Proof. From (3.3) and (4.1), we have

(4.21) gM(VUV, X) = *gM(fva‘va X) + QM(VUV’ g)U(X)
= —gu(OVudV, X) = gu(¢VuwV, X)
= —gn(OVupV, X) + gu (VowV, ¢ X)

for any U,V € I'(ker F,) and X € I'((ker F,)*).
Using (3.3), (4.1) and (4.2) in (4.21), we obtain

(4.22) g (VoV, X) = = gu(Vud®V, X) — gu(VowyV, X)
+ gM(VUwV, BX) + g]u(va‘/, CX)

By using (4.10), (2.7), (2.8) and (3.4) in the last equation, we obtain the
requested relation. O

From Theorem 5 and Theorem 6 we have the following corollary.
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Corollary 2. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M ($,&,m, gar) onto a Riemannian manifold (N, gn). Then M
is a locally product Riemannian manifold if and only if

g (HVywpV, X) = gu (TowV, BX) + gu (HVywV,CX)

and
g (HV xY,wpU) = grr (AxBY,wU) + g (HV xCY,wU)
for any U,V € T'(ker F,) and X € I'((ker F\)™).

For a slant Riemannian submersion we have the following theorem.

Theorem 7. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M (¢p,&,n, gar) onto a Riemannian manifold (N, gn). Then F
is a totally geodesic map if and only if

g (HVywpV, X) = gy (TowV, BX) + gu (HVywV, CX)
and
g (HVywU, X) = gy (AywU, BX) + gy (HVywU,CX)
for U,V € I'(ker F) and X,Y € I'((ker F,)t).
Proof. First of all, we recall that a Riemannian submersion satisfies
(VF)(X,Y)=0

for X, Y € I'((ker F,)+). We will prove that (VF,)(U,V) =0 and (VF.)(X,U)
= 0 for U,V € I'(ker F,) and X € I'((ker F,)!). Since F is a Riemannian
submersion, from (3.1) and (3.3) we get

(4.23) VoV = —¢VyoV +n(VyV)E.
From (4.1) and (4.23), we obtain
gn(VE)(U, V), F.X) = gu (Vo gV, X) — gu(VowV, ¢ X).
Using (4.1) and (4.2) once more, we get
gn(VE)(U, V), F.X) = gu(Vop®V, X) + gar(VowdV, X)
—gu (VpwV,BX) — gu (VywV, CX).
Theorem 2, (2.5) and (2.6) imply that
gn(VE)(U,V), F.X) = —cos® 0gn (Vo V, X) + gu (VowyV, X)
—gu(TowV, BX) — gu(HVywV,CX).

After some calculations we have

(4.24)  sin® Ogn(VE)(U, V), F.X) = gy (VowdhV, X) — g (TowV, BX)
— g (HVywV,CX).

In a similar way, we get

(4.25)  sin®?Ogn(VE)(Z,U), F.X) = gu(VzwpU, X) — g (AzwU, BX)
—gu(HV zwU,CX).
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Then the proof follows from (4.24) and (4.25). O

Now we establish a sharp inequality between squared mean curvature | H ||?
and the scalar curvature 7 of fibre through p € M?>(c).

Theorem 8. Let F be a proper slant Riemannian submersion from a cosym-
plectic space form MP®(c) onto a Riemannian manifold (N? gn). Then, we
have

(4.26) |HI? > 57— 51+ 3cos?6)),

where H denotes the mean curvature of fibers. Moreover, the equality sign of
(4.26) holds at a point p of a fiber if and only if with respect to some suitable
slant orthonormal frame {e1,e2 = secOey, e = £, eq = cscOwey, e5 =
cscBwes} at p,

T} = 3Ty, T, =0 and T, =0,
where Tj5 = g(T (i, 5),ea) for 1 <i4,j <3 and o = 4,5.
Proof. By Corollary 1 and Lemma 6, we construct a slant orthonormal frame
{e1,e2,e3,¢e4,e5} defined by
(4.27) e1, ea = secBpey, e3 =&, eq = cscbwey, es = csclwes,

where e, e,e3 = £ € T'(ker(F.)) and ey, e5 € T'(ker(Fy))= .
Let 7 be scalar curvature of a fibre F~1(g). We choose arbitrary point p of
the fibre F~1(q). We obtain

(4.28) #(p) = K(e1 Aeg) + K(ey Aes) + K(eg Aes).
By (2.12), (2.13) and (3.6), we get
(4.29)  K(e1 Aes) = J(1+3cos0) + T}y T + TH 15, — (T)* = (Th)%,
where T)5 = g(T (e, €j), ea) for 1 < i,j < 3 and a = 4, 5. Using Theorem 2 and
the relation (4.12), one has
(4.30) 1eg = —cosfe; and wes = sinfes.
From (4.7), we have
9(Veyh)ez,e1) — g(BT e, e2,€1) + g(Te,wea, e1) = 0.

Using (4.1), (4.2), (4.9), (4.27) and (4.30) in the last relation, we obtain

0= g(@@weg - 7,/1@6262, e1) — g(¢T ., e2,e1) +sinfdg(Te,es,e1)

= —cos0g(Ve,e1,e1) + cos0g(Ve, ez, e2)
+ g(Te,e2,e1 +weq) +sinfbg(Te,e5,€1)

(4.31) = sinf[g(Te,e2,€4) — g(Tese1,€5)]
Since the submersion is proper, the equation (4.31) implies that

4 __ mbd
T22 - T12'
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Now we choose the unit normal vector e4 € I'(ker(F,))* parallel to the mean
curvature vector H(p) of fibre. Then we have

1
|H(p)|I*> = §(T141 +T5,)?, TP+ T3 =0.

So the relation (4.29) becomes

c
(4.32) K(e1Neg) = Z(l + 3 cos” 0) + T141T242 - (7115’1)2 - (T142)2 - (T242)2-

From the trivial inequality (x — 3X)2 > 0, one has (u + \)? > 8(Au — A\?).
Putting u = T3, and A\ = T, in the last inequality we find

c

(4.33) |H|? > S[K(el A e) 4(1 + 3 cos? 0)].

Using (2.13) we get

K(el /\63) == K(€2A63) =0.
By (2.13), (4.28) and the last relation we get required inequality. Moreover,
the equality sign of (4.26) holds at a point p of a fiber if and only if T}, = 3715,
T} =0 and T}, = 0. O

4.2. Slant Riemannian submersions admitting horizontal structure

vector field

In this subsection, we will investigate the properties of slant Riemannian
submersions from a cosymplectic manifold onto a Riemannian manifold such
that characteristic vector field £ is a horizontal vector field.

By (3.1), (3.2) and (3.3) we have
(4.34) ¢*U = —U, (Vyo)V =0 and g(¢U, ¢V) = g(U,V), YU,V €T (ker F.,).

From (2.6), (2.10), (3.4) and (4.34) we obtain

(4.35) 1) Tu&=0 ii) n(VyV)=0 iii) Ax{(=0
and
(4.36) VoV = —¢pVyoV

for any U,V € I'(ker F,) and X (T'(ker F,)*). By the following same steps in
(see: [5], [15]) we can prove the following characterization theorem:

Theorem 9. Let F' be a Riemannian submersion from a cosymplectic manifold
M(,€&,m,gar) onto a Riemannian manifold (N, gn) such that ¢ € (T (ker F,)71).
Then, F is a slant Riemannian submersion if and only if there exist a constant
A € 10,1] such that

(4.37) Y? = -\l
Furthermore, in such a case, if 0 is the slant angle of F, then A = cos? 0.

By virtue of Theorem 9, we get the following result:
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Lemma 8. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M(¢p,&,m, gnm) onto a Riemannian manifold (N, gn) with slant angle 6.
Then we have the following relations:

(4.38) gu (YU, V) = cos? Ogp (U, V),

(4.39) gu (WU, wV) = sin? g (U, V),
for any U,V € T'(ker F}).

Remark 1. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M (¢,&,m, gar) onto a Riemannian manifold (N, gx) with slant angle 0
and ¢ € (I'(ker F,)*). Then there is a distribution D C (I'(ker F.)*) such that
(ker F,)* = w(ker F,) D @ {¢}.

In a similar argumentation of Lemma 5, we get:

Lemma 9. Let F be a slant Riemannian submersion from a cosymplectic man-
ifold M (#,&,1n,gm) onto a Riemannian manifold (N, gn) with slant angle 0 and
¢ € (U(ker F.)1). Then the distribution D is invariant under ¢.

Using same arguments with the proof of Theorem 4 and (4.15) we find:

Theorem 10. Let F' be a slant Riemannian submersion from a cosymplectic
manifold M(¢,&,m, g ) onto a Riemannian manifold (N, gn) with slant angle
0. Then VQ = 0.

By virtue of (4.39), we can state:

Corollary 3. Let F be a slant Riemannian submersion from a cosymplectic
manifold M?>™ (¢, €,m,gr) onto a Riemannian manifold (N™, gn) with slant
angle 0 and ¢ € (T(ker F.)1). If {e1,e2,...,e2m—nt+1} be a local orthonormal
frame of (ker F), then {cscOwey,cscOwes, ..., cscOwesm_ni1} is a local or-
thonormal frame of w(ker Fy). Moreover dim(D) =2(n — m — 1).

Using similar proof to the Lemma 6, one can get the following:

Lemma 10. Let F' be a proper slant Riemannian submersion from a cosym-

plectic manifold M*™ (¢, &,n,gr) onto a Riemannian manifold (N?"1 gn)
with slant angle 0 and & € (T(ker F,)+). Then there exists a local orthonormal
frame {e;,secOipe; :i=1,...,m —n} of (ker Fy).

Lemma 11. Let F be a proper slant Riemannian submersion from a cosym-
plectic manifold M?™+1(¢,&,m, gnr) onto a Riemannian manifold (N™, gn) with
slant angle 6 and ¢ € (T(ker F,)*). If w is parallel, then we have

(4.40) TypupU = — cos® 0Ty U.
Proof. This proof works like the Kaehlerian case in ([25]). O

The following result gives the sufficient condition to obtain the proper har-
monic slant submersion.
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Theorem 11. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M*™ (¢, €,m, gar) onto a Riemannian manifold (N?"*1, gn)
with slant angle 6 and & € (U(ker F,)*). If w is parallel, then F is a harmonic
map.

Proof. By means of (2.16), we know that
(4.41) (VE)(X,Y) =0,

for any horizontal vector fields X,Y. From (2.15), (2.17), (4.41) and Lemma
10, we get

T(F) == Y _[(VE)(ei &) + (VE.)(sec Obe;, sec Oije;)]
i=1
(4.42) =— Y [Fu(Veei) +sec® 0F. (Ve tei)],
i=1
where {e1, secOie;, e, secOipes,. .., em_np, secltpe,,_,} is an orthonormal

frame of (ker Fy). By applying (2.5) to (4.42), we obtain

T(F) = — Z F.(Te,ei + sec? 0Tye be;).
i=1
Then using Lemma 11, we have

T(F) ==Y Fu(Tei—Teei) =0
i=1

which says that F' is a harmonic map. (|

Now we give information about the geometry of the leaves of the distributions
(ker F},) and (ker F,)*. By using the relations (4.35), (4.36) and Lemma 11
and following same way for the proof of the slant submersions from almost
Hermitian manifolds (see [25]), we have:

Theorem 12. Let F be a proper slant Riemannian submersion from a cosym-
plectic manifold M(¢,&,n,gr) onto a Riemannian manifold (N, gn). Then the
distribution (ker F.)* defines a totally geodesic foliation on M if and only if

gM(HVXY, W’L/JU) = g]\/[(AXBK wU) + gM(HVXCY, WU)
for any X, Y € T'((ker F,)*) and U € T'(ker F,).

Theorem 13. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M (¢,€,m, gar) onto a Riemannian manifold (N, gn). Then the
distribution (ker F.) defines a totally geodesic foliation on M if and only if

g (HV gV, X) = gy (TuwV, BX) + gu (HVpwV, CX)
for any U,V € I'(ker F.) and X € T'((ker F,)").

From Theorem 12 and Theorem 13, we obtain:
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Corollary 4. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M ($,&,m, gar) onto a Riemannian manifold (N, gn). Then M
is a locally product Riemannian manifold if and only if

g (HV xY,wpU) = gu(Ax BY,wU) + gy (HV xCY, wU)
and

I (HV bV, X) = g (TowV, BX) + gu (HVywV, CX)
for any U,V € T'(ker F,) and X € I'((ker F,)™).

Now we give the sufficient and necessary totally geodesic condition for a
proper slant submersion F' from cosymplectic manifolds with ¢ € (I'(ker F,)*).

Theorem 14. Let F' be a proper slant Riemannian submersion from a cosym-
plectic manifold M (¢,&,m, g ) onto a Riemannian manifold (N, gn) with slant
angle 6 and & € (I'(ker F.)%). Then F is a totally geodesic map if and only if

gM(HVUwz/JV, X) = gM(TUwV, BX) +9gm (HVUWV, CX)
and

gM(’HVywa, X) = gM(Awa, BX) + gM(HVwa, CX)
for U,V € I'(ker F) and X,Y € I'((ker F,)+).
Proof. Using (2.16), we have

for X,V € T'((ker F,)*). Thus it is enough to prove that (VF,)(U,V) = 0 and
(VF)(X,U) =0 for U,V € I'(ker F,,) and X € I'((ker F,)*). From (4.1) and
(4.35) we obtain

gn((VE)(U, V), F X) = gu (Vo gV, X) — gu(VowV, ¢.X).
Using again (4.1) and (4.2), we get
gn(VE)(U, V), F.X) = gu(Vud®V, X) + gu (VowyV, X)
= gu(VowV, BX) — gu(VuwV,CX).
By Theorem 9, (2.5), (2.6) and (4.35), we obtain
gn((VE)(U, V), F.X) = —cos? 0ga (VuV, X) 4+ gu (VywdV, X)
—gm(TowV, BX) — gu(HVywV,CX).

By simple calculations, we have

(443)  sin? Ogn (VE)(U,V), o X) = gar (VowiV, X) — gar (TowV, BX)
— g (HVywV,CX).

In a similar way, we get

(4.44)  sin?0gn (VF)(Y,U), F.X) = g (VywU, X) — g (AywU, BX)
— gu (HVywU,CX).

Combining (4.43) and (4.44), we get requested equations. O
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Now we give a sharp inequality between squared mean curvature ||H||? and
the scalar curvature 7 of fibre through p € M5(c) such that characteristic vector
field £ is horizontal.

Theorem 15. Let F' be a proper slant Riemannian submersion from a cosym-
plectic space form MP®(c) onto a Riemannian manifold (N3 ,gn). Then, we
have

(4.45) IH|? > (+ — §(1+3cos29)).
Moreover, the equality sign of (4.45) holds at a point p of a fiber if and only

if with respect to some suitable slant orthonormal frame {e1, ea = sec ey,
es = csclwer, eq = cscbwes, es =&} at p,

T141 = *T242, and T131 = T132 = T232 =0= T{?v

where T} = 9(T (eisej),eq) for 1 <i,j <2 and 3 < o < 5. Here H is the
mean curvature of fiber.

Proof. By Corollary 3 and Lemma 10, we construct a slant orthonormal frame
{e1,e2,e3,e4, €5} defined by

(4.46) e1, eg = secOper, ez = cschwey, eq = cscOwes, e5 = &,

where eg, es € I'(ker(F})) and e, eq, e5 = & € I'(ker(F,))* .
Let 7 be scalar curvature of a fibre F~1(q). We choose an arbitrary point p
of the fibre F'~1(q). Since dim(KerF,) = 2, we obtain

(4.47) 7(p) = K(e1 A ea).
By (2.12), (2.13), (4.35(i)) and (3.6), we get

(4.48)  K(e1Neg) = 4(1 + 3 cos” 0) + T131T232 + T141T242 - (Tl32)2 - (T142)2,

where T}3 = g(T (ei, ej),eq) for 1 <id,j < 2 and a = 3,4,5. Using Theorem 9
and the relation (4.39), one has
(4.49) Pes = —cosfe; and wey = sinfes.
From (4.7) we have
9((Vesth)ez, e1) = g(BTeye2,€1) — g(Te,wez, e1).
Using (4.1), (4.2), (4.9), (4.46) and (4.49) in the last relation, we obtain
0= g(@@weg - 7,/1@6262, e1) — g(¢T ., e2,e1) +sinfdg(Te,eq, 1)
= —cos0g(Ve,e1,e1) + cos0g(Ve, ez, e2)
+ g(Te,e2,ve1 + wer) +sinfg(Te,eq,€1)
(4.50) = sinf[g(Te,e2,€3) — g(Te €1, €4)].
Since our submersion is proper, the equation (4.50) implies

3 _ 4
T22 - T12'
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Because of T, & = 0, we can choose the unit normal vector ey € I'(ker(F.))*
parallel to the mean curvature vector H(p) of fibre. Then we have

1
|H (p)|I”> = Z(T141 +T5y)?, TH +T5, =0.

So the relation (4.48) becomes

¢
(4.51)  K(e1Aeg)= 1(1 +3c0s?0) + TH Ty, — (T1))* — (T1)? — (T5,)*.

From the trivial inequality (u — A\)? > 0, one has (u + \)? > 4\u. Putting
p=Ti and X\ = T3, in the last inequality, we find

C

(4.52) |H|? > [K(ex Aes) il 3cos? ).

By (4.47) and the last relation, we get required inequality. Moreover, the
equality sign of (4.45) holds at a point p of a fiber if and only if T}, = Ty,
T131:T132:T232:OZTS‘- .

Recently H. Tastan, [28], proved that the horizontal distribution of a La-
grangian submersion from a Kaehlerian manifold to a Riemannian manifold
is integrable and totally geodesic. He also showed that such a submersion is
totally geodesic if and only if it has totally geodesic fibres.

Anti-invariant submersions are special slant submersions with slant angle
0 = %. Now we focus on anti-invariant submersions from a cosymplectic man-
ifold to a Riemannian manifold such that (ker F)* =¢( ker(Fy)) @ {¢}. In
this case we note that ker(F.) = ¢((ker F,)®). The authors investigated such
a submersions in [17]. We will give some additional results.

By means of (4.34) and (2.5)-(2.8), we give:

Lemma 12. Let F' be a Riemannian submersion from a cosymplectic mani-
fold M (¢,&,m,gnr) onto a Riemannian manifold (N, gn) such that (ker F,)* =
o(ker(Fy)) @ {&}. Then
(4.53) i) TuoE =¢TuE and i) Ax¢E = pAxE
for any U € T'(ker F,), X € I'((ker F,)*) and E € T(TM).

By (2.4) and (4.53), we obtain the following result.

Corollary 5. Let F be a Riemannian submersion from a cosymplectic man-
ifold M (¢,&,n,gu) onto a Riemannian manifold (N, gn) such that (ker F)*
= ¢(ker(F,)) @ {¢}. Then, for any X,Y € I'((ker F.)*), we have

(4.54) Ax oY = —Ay ¢ X,

Theorem 16. Let F' be a Riemannian submersion from a cosymplectic mani-
fold M(¢,&,m,gar) onto a Riemannian manifold (N, gn) such that (ker F,)* =
d(ker(Fy)) @ {&}. Then the horizontal distribution (ker F,)* is integrable and
totally geodesic.
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Proof. Since the tensor field is A = Ay, it is sufficient to show that Ax =0
for any X € I'((ker F)*). If Y and Z are horizontal vector fields on M, we
have

(4.54) (4.53)

gM(AxdY,Z) =" —gu(Ay¢X,Z) =" —gu(pAy X, Z)
Pt g Ay X, 02) B g (AxY.62) 2 g (Ax62,Y)
U2 g (Az6X,Y) 2 gr(AnY 0X) E) —gui(Ay Z,6X)
P2V gu(AvoX, 2) "2V —gu(AxoY, 2).
So we get
(4.55) AxdY =0
which implies p.AxY = 0. By (3.1) we obtain
(4.56) AxY = —gu(AxY, §)E = g (AxE Y)E = 0.

Since U is a vertical vector field on M, ¢U will be a horizontal vector field on
M. Therefore we obtain Ax¢U = 0. Using (3.1) and (4.53), we have

(4.57) AxU =0.
By virtue of (4.56) and (4.57) we get Ax = 0. The fact that (ker F )™ is totally
geodesic is obvious from (4.55) and (see [17], Corollary 5). O

Using Theorem 16 and (see [17], Corollary 6 and Theorem 15), we obtain
the following theorem.

Theorem 17. Let F be a Riemannian submersion from a cosymplectic mani-
fold M (¢,&,m,gur) onto a Riemannian manifold (N, gn) such that (ker F,)* =
o(ker(FL)) @ {€}. Then F is a totally geodesic map if and only if it has totally
geodesic fibers.

Since horizontal distribution for a slant Riemannian submersion from a
cosymplectic manifold M (¢, £, 1, gar) onto a Riemannian manifold (NV, g ) with
(ker )+ = ¢(ker(FL)) @ {€} is integrable, the equation (2.14) reduces to

(4.58) RY,W, V. X) = gu(VxT)(V,W),Y) — gu(Tv X, TwY)

for any X,Y, Z € T'((ker F,)*), V,W € I'(ker F,).
From (3.5) and (4.58) we give:

Theorem 18. Let F' be a Riemannian submersion from a cosymplectic man-
ifold M (¢,&,n,gn) onto a Riemannian manifold (N, gn) such that (ker F)*
= ¢(ker(Fy)) @ {&}. Then the ¢-sectional curvature H of M satisfies

(4.59) HV) =gu((Vev TV, V), 0V) — g (Tv oV, Tv ¢V),
(4.60) H(X) =gu(VxT)(0X,0X),X) — gu(Tex X, Tox X),
for any X,Y,Z € T'((ker F,)*), V,W € I'(ker F}).
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It is well known from [8] that if the tensor field T is parallel, i.e., VT =0
for a Riemannian submersion, then 7 = 0. From Theorem 18, we have:

Corollary 6. Let F be a Riemannian submersion from a cosymplectic mani-
fold M (¢,&,m, gnr) onto a Riemannian manifold (N, gn) such that (ker F,)* =
o(ker(Fy))®{E}. If the tensor field T is parallel, then the ¢-sectional curvature
H of M wvanishes.

Corollary 7. Let M(c # 0) be a cosymplectic space form. Then there is
no Riemannian submersion F with totally geodesic fibres from a cosymplectic
space form M (c # 0) onto a Riemannian manifold (N, gn) such that (ker F,)*

= ¢(ker(Fy)) @ {&}.
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