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Abstract
For a (molecular) graph G with vertex set V(G) and edge set E(QG),
the first Zagreb index of G is defined as M1(G) = Y da(w)?,

v, EV(QG)
where dg(v;) is the degree of vertex v; in G. Recently Xu et al. intro-

duced two graphical invariants Hl(G) = H (dg(vi)+de(vs)) and
v;v; EE(G)

HQ(G) = H da(vi) da(vj) named as first multiplicative Zagreb
viv;EE(G)

coindex and second multiplicative Zagreb coindex, respectively. The

Narumi-Katayama index of a graph G, denoted by NK(G), is equal

to the product of the degrees of the vertices of G, that is, NK(G) =

n

Hdc(vi). The irregularity index t(G) of G is defined as the num-
=1

ber of distinct terms in the degree sequence of G. In this paper, we
give some lower and upper bounds on the first Zagreb index M;(G) of
graphs and trees in terms of number of vertices, irregularity index, maxi-
mum degree, and characterize the extremal graphs. Moreover, we obtain
some lower and upper bounds on the (first and second) multiplicative
Zagreb coindices of graphs and characterize the extremal graphs. Fi-
nally, we present some relations between first Zagreb index and Narumi-
Katayama index, and (first and second) multiplicative Zagreb index and
coindices of graphs.
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1 Introduction

We only consider finite, undirected and simple graphs throughout this paper.
Let G be a graph with vertex set V(G) (|[V(G)| = n) and edge set E(G)
(|JE(G)| = m). For a graph G, we let dg(v;) be the degree of a vertex v; in G.
The mazimum vertex degree in G is denoted by A and the minimum vertex
degree by 6. For each v; € V(G), the set of neighbors of the vertex v; is
denoted by N¢(v;). The irregularity index ¢(G) of G is defined as the number
of distinct terms in the degree sequence of G [1]. Denote by p, the number
of pendent vertices in GG. For terminology and notation not defined here, the
reader is referred to Bondy and Murty [2].

Among the oldest and most studied topological indices, there are two clas-
sical vertex-degree based topological indices—the first Zagreb index and second
Zagreb index. These two indices first appeared in [14], and were elaborated
in [15]. Later they were used in the structure-property model (see [20]). The
first Zagreb index M;(G) and the second Zagreb index My(G) of a graph G
are defined, respectively, as

and

During the past decades, numerous results concerning Zagreb indices have
been put forward, see [3, 5, 7, 9, 13] and the references cited therein.

The Narumi-Katayama index of a graph G, denoted by NK(G), is equal
to the product of the degrees of the vertices of G, that is,

n

NEK(G) =[] de(v:).

i=1

Recently, the first and second multiplicative Zagreb indices [11, 18, 19] are

defined as follows: N
1@ =] de(w:)?
1 i=1

and
n

H(G) = H dG(Ui) dG(Uj) = HdG(Ui)dG(vi) )

2 ’Ui’UjGE(G) =1

The mathematical properties of the first and second multiplicative Zagreb
indices have been given in [6, 11].
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Xu et al. recently defined the multiplicative Zagreb coindices as follows
[21]:

[Le= I Welw)tda(w) and J[ (@)= T[ dalw)dalv).

viv; € E(G) viv; ¢ E(G)

In the same reference, it has been also given the mathematical properties of
the first and second multiplicative Zagreb coindices.

The paper is organized as follows. In Section 2, we give some lower and
upper bounds on the Zagreb indices of graphs and trees, and characterize
the extremal graphs. In Section 3, we obtain some lower and upper bounds
on multiplicative Zagreb coindices of graphs and characterize the extremal
graphs. In Section 4, we present some relations between first Zagreb index
and Narumi-Katayama index, and (first and second) multiplicative Zagreb
index and coindices of graphs.

2 Bounds on the first Zagreb index of trees and graphs

In this section we give some lower and upper bounds on the first Zagreb index
of trees and graphs in terms of n, ¢ and A. For this we need the following
result:

Lemma 1. Let T be a tree of order n with irregularity index t. Then the
number of pendent vertices in T is

t—1 t—1

P> (da(v) —2)+2= da(v;) — 2t +4, (1)

i=1 =1

where dg(v1) > dg(va) > -+ > dg(vi—1) > dg(v:) = 1 and dg(v;) is the
degree of the vertex v; in T. Moreover, the equality holds in (1) if and only if
n=p+t—1.

Proof. For any graph G, it is well known that Zd@(vi) = 2m, where m is
i=1
the number of edges in G .
Since T is a tree, we have m = n — 1. Without loss of generality, we can
assume that dp(v1) > dr(vy) > -+ > dr(v,) . Let p be the number of pendent
vertices in T. Fori =n—p+1,n—p+2,..., n, we then have dr(v;) = 1.
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Using these results, we get

n—p n n—p
ZdT(Ui)+ Z dr(vi)) =2(n—1)<=2n—p-2= ZdT(Ui)
i=1 i=n—p+1 i=1

= p=Y ) -2)+2

t—1
—  p>) (dr(v)—2)+2 asn—p>t—1anddr(v;)>2, (2)
=1

where ¢ = 1, 2,..., n — p. Moreover, the equality holds in (2) if and only if
n =p+1t—1. Hence the equality holds in (1) if and only if n =p+¢t—1. O

Let T'; be the class of trees T = (V| E) such that T is a tree of order n,
irregularity index ¢, maximum degree A and

A=t dT<’UZ‘):1,Z':t7t+1,...,n.

®

[ ]
>—o
b

Figure 1:

Example 2. For a tree Ty as in Figure 1, it is clear thatn =8, A=t =14
and the number of pendent vertices are 5 (=n —t+ 1). Moreover, the degree
sequence of tree Ty is (4, 3,2, 1, 1,1, 1, 1). Hence Ty €T.

Now we are ready to give an upper bound on the first Zagreb index of trees
in terms of n, t and A.

Theorem 3. Let T be a tree of order n with irregularity index t and maximum
degree A. Then

M(T) < <n3 t(t23)) A2 (t—1)(t—2)A

1
+3 (t* — 3t* + 2t +6) (3)

with equality if and only if G € Ty .
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Proof. Since the irregularity index of T is t, let us consider a set S(T) =
{v1, va,..., v4_1} such that A = dg(v1) > dg(v2) > ... > dg(ve—1) > 1,
where dg(v;) is the degree of the vertex v; in T. Since dg(v;) < A, for all
v; € V(T), we have

v, €S(T)

t—1

> da(vi)’ = idg(vif < (A—i+1)
i=1

(—»ﬂ.
==

= D [(A+1)*+i® —2i(A+1)]

= (t—1)(A+1)2+ é (t —1)t(2t — 1)
—(A+)tt—1). (4)

Moreover, we have

= ottt

Z dg(Ui):ng(Ui)22+3+"'+t 5 1. (5)

v; €S(T)

i=1

Let p be the number of pendent vertices in 1. Now,

My (T)

IN

IN

Zd@(’l}i)Q
i=1
> da(vi)®+ Y da(v:)?
v €V(T), da (vi)=1 v, €S(T)
+ > da(vi)?
v EV(TI\S(T), de (v:)>1

t—1
D+ Zd@(vi)2 +(n—p—t+1)A% since dg(v;) <A
i=1

(n—t+1)A% —p(A% — 1) + (t — 1)(A +1)?

+é (t—1)t2t — 1) — (A + D)t(t — 1) by (4). (6)
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By Lemma 1, the next step of last inequality is

t—1
< nA? - <ng(vi) —2t+4> (A% —1) — (> =3t +2)A
i=1
1 3 13
A= T | 7
"3 2" % @

IN

nA2 — (t(t;?’) +3) (A2~ 1) — (2 — 31+ 2)A +

1 3 13
B3 S24+ St—1 by (5
3 58+ 5 y (5),

which gives the required result in (3). First part of the proof is completed.

Now suppose that the equality holds in (3). Then all the inequalities in
the above must be equalities. From the equality in (7), we get

n=p+t—1 (by Lemma 1).
From the equality in (4), we get

de(vi)=A—i+1, i=1,2... t—1.
From the equality in (5), we get

de(vi)=t—i+1, i=1,2,....,t—1

From the above results, we finally obtain A =t and n = p+t — 1. Thus
we have

2n—4=t{t—1), A=t and dg(v;)=1for i=¢t,t+1,...,n.
Hence T € T'y.

Conversely, let T € T'y. Then we have A = ¢, p=n—t+1and n =
5 t(t — 1) + 2. We have

1 4
Ml(T)=t2+(t—1)2+"'+22+12+(n—t):§t3+t2—§t+2

t(t — 1 .
<(n3) ( 5 3)> A% — (t—1)(t—2)A+§(t573t2+2t+6) =
15 5 4
-1 t*——t+2.
3 + 3 +
This completes the theorem. O
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Let I'y be the class of graphs H; = (V, E) such that H; is a graph of order
n, irregularity index ¢, maximum degree A and

A=t dgv;)=1i=t+1,t+2,...,n

Let T's be the class of graphs Hy = (V, E) such that Hj is a graph of order
n, irregularity index ¢, maximum degree A and

des(v:) = A—i+1 5 i=1,2,...,t
G =1 A D i=t+1,t+2,...,n
G1 G'2
Figure 2:

Example 4. Two graphs G1 and G4 are depicted in Figure 2. For G1, n = 6,
A =1t =4 and the number of pendent vertices are 3 (=n —t+ 1). Moreover,
the degree sequence of Gy is (4, 3,2, 1, 1, 1). Hence G1 € T'y. For G, n =5,
A =t = 3 and the number of mazimum degree vertices are 8 (= n —t + 1).
Moreover, the degree sequence of G2 is (3, 3, 3, 2, 1). Hence G € T's.

Now we give some lower and upper bounds on the first Zagreb index M, (G)
of graphs G in terms of n, t and A.

Theorem 5. Let G be a graph of order n with irregularity index t and maxi-
mum degree A. Then

Mi(G) > Ftt+1)(2t+1)+n—t
and (8)
(2t +1)

Mi(G) < t(A+1)2+1t(t+
)+ (n— £)A2

2 %t(
—(A+ D)t +1

with the lower and upper bounds in (8) become equality if and only if G € Ty
and G € I's, respectively.

Proof. Since the irregularity index of G is t, let us consider a set S(G) =
{v1, va,..., v4_1} such that A = dg(v1) > dg(va) > ... > dg(ve—1) > 1,
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where dg(v;) is the degree of the vertex v; in G. Since § < dg(v;) < A, for all
v; € V(G), we have

M (G) = Z da(v;)?

= Z dG ’Ul Z dG (Ui)z

v,€5(G) vleV(G)\S(G)
1
> Zj2+(n—t)1: gD+ +n—t
and
My(G) = ) de)?+ > de(v)?
v;€8(G) v; €V (G)\S(G)

IN

Z —j+ 1%+ (n—t)A?

Jj=1

— A+ 1) 4 ét(t-{—l)(%—i— 1) = (A+ Dt +1) + (n— A2,

First part of the proof is done.
Now suppose that there exits an equality for the lower bound in (8). Then
we must have

A=t do(v;)=t—i+1,i=1,2,...,t—1and dg(v;) =1, i=¢ t+1,...,n

Hence T € T's. On the other hand, if we suppose the existence of the equality
for the upper bound in (8), then we must have

de(vi))=A—i+1,i=1,2,...,tand dg(v;) =A,i=t+1,t+2,...,n

which implies T" € I's.
Conversely, by taking G € I'y and G € I's respectively, one can easily see
that the truthness of the both equalities in (8). O

3 Bounds on the Multiplicative Zagreb coindices of graphs

Let 'y be the class of graphs Hy = (V, E) such that Hy is a connected graph
of maximum degree A, number of pendent vertices p (p > 0) and

dr,(v1) = dp,(v2) = -+ = dp, (vp—p) = A
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and
dr, (Vn—p+1) = dp,(Vn—py2) = -+ = dp,(va) = 1.

G3 G4
Figure 3:

Example 6. Let G3 and G4 be the graphs depicted in Figure 3. For Gz, n = 8§,
A =4, t = 2 and the number of pendent vertices are p = 4. Moreover, the
degree sequence of graph G is (4, 4, 4, 4,1, 1, 1, 1). Hence G5 € Ty. For Gy,
n==6, A=23,t=2 and the number of pendent vertices are p = 2. Moreover,
the degree sequence of G4 is (3, 3, 3,3, 1, 1). Hence G4 € T'y.

Now we give some lower and upper bounds on the first multiplicative Za-
greb coindex in terms of n, m, p, A and non-pendent minimum degree 9.

Theorem 7. Let G be a connected graph of order n with m edges, number of
pendent vertices p, mazximum degree A and non-pendent minimum degree §.
Also, for simplicity, let A denotes @ -—m — @ —pn—p-—1). We
then have

p(p—1)

@) LG =2 2 @+ (2004, (9)
p(p—1)

(i) L@ <2 2 (A+1)P"PY (2A)4, (10)

The equality holds in both (9) and (10) if and only if G is isomorphic to a
reqular graph or G € I'y .

Proof. The number of vertex pairs (v;, v;) such that v;v; ¢ E(G) in G is

n(n—1 . . . .
(7) — m. Since G is connected and the number of pendent vertices in G

(p—1)

1s p, then 1s the number of vertex pairs (v;, v;) such that v;v;
is p, then 2 is the number of vertex pairs (v, v;) such that v;v; ¢ E(G)

with dg(v;) = dg(vj) =1, p(n —p — 1) is the number of vertex pairs (v;, v;)
-1
such that v,u; ¢ E(G) with dg(v;) = 1 or dg(v;) = 1, and nn=1) _

2
plp—1) 1) is the number of vertex pairs (v;, v;) such that
=5 - p(n —p — 1) is the number of vertex pairs (v;, v;) such tha
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vivj ¢ E(G) with dg(v;) > 1 and dg(vj) > 1. From the above, we get

[[,@ = II (o)+da(v))
v;v; EE(G)
which equals to

11 (da(vi) +da(vy)) 11 (da(vi) +da(vy))
v v; € E(G) v;v; €E(G)
dg(vi):LdG(’Uj):l dG(’Ui)>l,dG(’Uj):l

x 11 (da(vi) + da(vy))
v;v; EE(G)
dg(vi)>1,dg(v;)>1

pp—1)
> 2 2 (5+1)p(n—p—1) (25)A,

where A is defined as in the statement of the theorem. Moreover, the above

equality holds if and only if G is isomorphic to regular graph (p = 0) or G € Ty
(p>0).

Similarly, [],(G) equals to the

11 (da(vi) + da(v))) 11 (da(vi) + da(v)))
vi; §B(G) viv; £5(G)
dg(vi)=1,dg(v;)=1 dg(vi)>1,da(vj)=1

X 11 (de(vi) + da(v)))
viv; ¢ E(G)
da(vi)>1,da(v;)>1

plp—1)
< 2 2 (A+1)PPTY 28t

where A is defined as in the statement of the theorem. We note that the last

inequality becomes equality if and only if G is isomorphic to regular graph
(p=0)or GeTly (p>0).

Hence the result. O

The following inequality was obtained by Furuichi [12].

Lemma 8. [12] For ay,as,...,a, > 0 and p1,p2,...,pn > 0 satisfying

n -
Zpl = 1a
=1
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there exists

i i — A N i — ; ; 11
Zpa 1_[aZ >n (nZa Hal ) (11)
where A = min{p1, pa,...,pn}. Moreover, equality in (11) holds if and only if

a1 = ag = -+ =40ap .

Now we obtain an upper bound on ﬁ2(G) of graph G in terms of n, m, p,
the first Zagreb index M7 (G) and the Narumi-Katayama index NK(G).

Theorem 9. Let G be a connected graph of order n, m edges, p pendent
vertices and mazimum degree A. Then

(n—p—1)2m —p) +p— M (G)
(n—=p)n—p—1)—=2m+p

IL© < K@)

~ (r=pn-A-p-1)
(n—p)(n—p—1)=2m+p

(n—p)(n—p—1)—2m-+p

. (12)

% <2;n—pp _ (NK(G))l/(""’))

Additionally, the equality holds in (12) if and only if G € Ty or G is isomorphic
to a regular graph.

Proof. Since p is the number of pendent vertices in G, we need to consider the
proof in two cases as in the following.

Case (i) : The situation p > 0:
We can assume that

06(0n—ps1) = da(vn—py2) = - = da(on) = 1. (13)
Fori=1,2,..., n—p, setting a; = dg(v;) and

n—dg(v;))—p—1
n—p(n—p—1)—2m+p

Pi:(
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n (11), we get
— dG )(n—de(v) —p—1)
p)n—p—1)—2m+p
1
n—pn—p—1)—2m+p

i=1

<H dG n da(vi)— >
(n—p)n—A—-p-1) <2m P pdG(vi)>1/(n—p)> (14)

>

“(n—-pn—-p—1)—-2m+p\ n—p et

that is,
(n—p—1@2m-p)+p—M(G)
(n—p)(n—p—1)—2m+p
1
(n—p)n—p—1)—2m+p

HdG( )n de(vi)—1

1 de(vi)?

i=1

(n—p)n—A—-p-1) 2m —p 1/(n—p)
Z(n—p)(n—p—1)—2m+p( (HdG ) )

%

After that, we actually have

n—dg(v;)—1
Hdc( i) (n—p—1)2m —p) +p — My(G)
= (n—p)n—p—-1)—2m+p

_1;[1 de ()P

(n—pn—A—-p-1)
(n=p)n—p—1)—=2m+p

X(Zm p (Hdc vl)l/" p))

Using the above result with (13) and the definition of Narumi-Katayama

(n—p)(n—p—1)—2m-+p

index, we get

LG = I datw)daw) Hdc

v EE(G)

” dg(v;)—1 (15)
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(n—p-1)Cm—-p)+p-—M(G)  (n—pn-A—-p-—1)

s KO\ G m—p-D-mtp -pln—p—1—2m+p

" (m _ (NK(G))I/("*p))

(n—p)(n—p—1)—2m+p
n—p }

Case (it) : The situation p = 0:

Similarly as in Case (i), for i = 1, 2,..., n, setting a; = dg(v;) and p; =
n=de() =1, 1) e get
n(n—1) —2m
T 2m(n — 1) — M1(G)
<
H2(G) - l n(n—1)—2m

_nn-A-1) (27” _ (NK(G))l/(n))

n(n—1)—2m
nn—1)—2m \ n ]
Therefore the first part of the proof is completed.

Now let us suppose that the equality holds in (12). Then all the inequalities
in the above must be equalities. For Case (i), we have p > 0 and dg(v1) =
dg(v2) = --+ = dg(vn—p), by Lemma 8. Hence G € T'y. For Case (ii), we
have p = 0 and dg(v1) = dg(v2) = -+ = dg(v,), by Lemma 8. Hence G is
isomorphic to a regular graph.

Conversely, let G be isomorphic to a r-regular graph. Then p = 0, 2m = nr,
M;(G) = nr? and NK(G) = r™. We have

ﬁ (G) = (=D = {(n —1)2m—nr®  n(n—A-1) (@ ) T)} n(n71)72m.

nn—1)—-2m n(n—-1)—2m \ n

Let G € Ty. Then 2m = (n — p)A + p, Mi(G) = (n — p)A? + p and
NK(G) = A™?. Now we have

m—p—1)@2m-p)+p—M(G)  (n—p)n—-A—-p—1)

N O e ) m—p-D—2m+p  (i—pn—p—1 —2m+p

9 (n—p)(n—p—1)—2m+p
m—p 1/(n—p)
—(NK(G

= AP(n—p) A(n—p)(n—p=A-1) _ A(n—p)(n—A-1) _ H (@).

2
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This completes the proof. O

4 Some relations between first Zagreb index and Narumi-
Katayama index, and multiplicative Zagreb index and
coindices of graphs

One of the present authors compared between various topological indices in
his previous research works [8, 10, 16]. In this section we obtain some relations
among topological indices of graphs. The first example comes to our mind is
for star K ,—1 (n > 3),

[T )= -1t > 1=, (K1),

2
and the second example is for a cycle C,, (n > 6),
_ 92 n=3) _TT
];[(cn)_z n < gnn _H2(cn).

Now we can compare between the second multiplicative Zagreb index and
the second multiplicative Zagreb coindex of graphs G .

Theorem 10. Let G be a graph without isolated vertices of order n with
mazimum degree A and minimum degree §. If § > "7_1 (or A< ”T_l), then

[L©=>1L© ( or [ < H2<G>>.

Proof. We clearly have

HZ(G) = H da(vi) da(vj) HdG dc(vl

viv; €E(G)
and
HQ(G) = H da(vi) dg(vj) = HdG(vi)”*dG(“iFl,
viv; E(G) i=1
From the above, we get

H2(G) n N n—1

=2 =[] da(v)?*e@="D > 1 as dg(v;) > 6 >

HQ(G) i=1 2

Similarly, one can easily prove that Hz(G> < HQ(G) if A<zt O
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For the isomorphism G = K7 ,—1 (n > 8), we have

IL@+]IL©

(TL _ 1)n71 +1< (n _ 1)2 + 2(n71)(n72)/2

= [L©+IL©.

However we can present the following result:

Theorem 11. Let G be a graph of order n. If dg(v;) > 2 for all v; € V(G),

then _ _
ILe+]IL@ =11 +]] .

Proof. For each v;v; ¢ E(G), without loss of generality, we can assume that
da(vi) > da(vj). Thus we have

da(vi)(da(v;) — 1) > da(v;) as dg(vg) > 2 for all v, € V(G),

that is,
dg(v;) da(vy) > da(vi) + dg(vy) for vivy ¢ E(G).

Using the above result, we get

ILo-TL©6 = II detwndet)- [ (daln)+daw)

viv; $E(G) viv; EE(G)
> 0
and
HQ(G) - Hl(G) = T  dew)daw) -] de(w:)?
v;v; EE(G) =1
n n
= Hdg(vi)dc(”i) — Hdg(vi)2 >0 asdg(vi) > 2.
i=1 i=1
From the last two results, we get the required result. O

Now we obtain the relation between the first multiplicative Zagreb coindex
and the second multiplicative Zagreb coindex. Before, for simplicity, let us use
the notation A for

n(n—1) p(p—1)

—m -2 n—p—1
5 m 5 p(n—p—1)

as in Theorem 7.
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Theorem 12. Let G be a connected graph of order n with m edges, number

of pendent vertices p, maximum degree A and non-pendent minimum degree
6. Then

—2

1 p(n=p—1) A4pe=D TT
(4) HI(G)><6+6+2> 1+ ]

with equality if and only if G is isomorphic to a reqular graph or G € Ty, and

(@) (16)

2

_ plp—1) A
@) [L©) < 4 2 <§+Z+2>

X (A + 1y 2)p(n_p_1> ILe v

A

with equality if and only if G is isomorphic to a regular graph or G € T'y .

A _dg(vi) _ 6
Proof. T 4 )>1 =2
roof. For dg(vi), dg(vj) > 1, since § ~ dg(vy)
2

de(v;) da(vy)
1< (W@j) ﬁa(w)) "y
< (ﬁ . g) 18)

with equality holding if and only if dg(v;) = A, dg(v;) = 0 for any v,v; ¢ E(G)

and dg(v;) > da(vj).
. pp—1)
In the proof of Theorem 7, we mentioned that
of vertex pairs (v;, vj) such that v;v; ¢ E(G) with dg(v;) = dg(v;) = 1,

p(n —p— 1) is the number of vertex pairs (v;, v;) such that v;v; ¢ E(G) with

dG('Uz’) =1lor dg(vj) =1, and M —m— M

number of vertex pairs (v;, vj) such that v;v; ¢ E(G) with dg(v;) > 1 and
dG(’Uj) > 1.
Using the above result with (18), we get
H (ZG(UZ) + ZG(”J) +2>
v;0; 2B (G) G(U]) G(Uz)
da(vi)>1,da(v;)>1

Il
g
.
QQ
95
+
=y
QR
€
N———
AN

is the number

—p(n—p—1) is the

A\
—]
A~
S
+
| >
+
IS
~
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and

H (jG(vi)_"_ZG(U]:)_,’_Q) > 44
viv; € E(G) a(vs) c(vi)
dg(vi)>1,dg(v;)>1

Moreover, the above two equalities hold if and only if dg(v;) = da(v;) for all
v; and v; such that dg(v;) > 1, dg(v;) > 1.
Now we have

viv; E(G)
da(vi)=1,dg(v;)=1

and

A~
U
Q
38
+
U
Q
=
+
2o
~
I

11 <dG(Ui) + @ - 2)

viv; EE(G)

1 p(n—p—1)
> (5 5t 2)

with equality if and only if dg(v;) = ¢ for all v; such that dg(v;) > 1.
Also we have

viv; EE(G)
dg(vi)>1,dg(vj)=1

V

da(v; d ; 1
H (dGE;}; + dG((ZJ)) +2) = H (dg(vi)-i- T 00 ) +2)
viv; € E(G) G\% GV viv; ¢ E(G) G\Yi
da(vi)>1,da(v;)=1
1 p(n—p—1)
< A+ —+2
< ( Fx )

with equality if and only if dg(v;) = A for all v;.
By the definition, since we have

[[6)= II Wew+dew) and LG = T[ da(w)del),

v;0; ¢ E(G) v;v; EE(G)



ON THE FIRST ZAGREB INDEX AND MULTIPLICATIVE ZAGREB COINDICES OF GRAPHS 170

we get
LG _  qp el +do(w)
[1,(G) v gB@ deli)de(v;)

_ dg(vi) dG(Uj)
- 1 )<dG(Uj)+ o) 11 )< <vj> ok

’Uil)]‘¢E(G (X ¢E
dG(’Ui):l,dG(’Uj):l (’Ul)>1 dG(’U )
dG(Uj) )
X H ( + 2
L (m * da(v)
dc(v7)>1 dg(vj)>1
-1
1 p(n—p-1) [n(n) —m—pn—p-— 1)}
> (5 +st 2) 4l 2 .

Moreover, the above equality holds if and only if G is isomorphic to regular
graph (p=0) or G €'y (p > 0).

Similarly,

L@ do(vs) | da(vy) do(vs) | da(vy)
Lo M ><dc<vj>+da<vi>”> T (e S )

H2(G) v;v; EE(G viv; € E(G)
da(vi)=1,dg(vj)=1 dg(vi)>1,dg(vj)=1
L)) )
X +2
ME(G( Totey) * da(w)
dg(vi)>1,dg(v;)>1
p(p - 1) 1 p(n—p—1) A 5 A
< 4 2 A+ —+2 I
< (a+5+2) (5+%)
Moreover, the above equality holds if and only if G is isomorphic to regular
graph (p =0) or G € I'y (p > 0). This completes the proof. O

Similarly, we obtain another relation between the first multiplicative Za-
greb coindex and second multiplicative Zagreb coindex. To do that, again let
us use the notation A for the algebraic statement @ —-m— @ —p(n—

p—1).
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Theorem 13. Let G be a connected graph of order n with m edges, number

of pendent vertices p, maximum degree A and non-pendent minimum degree
6. Then

p(p—1)

o Mez2 2 (2)

1 p(n—p—-1)
X <A + 1) H2(G) (19)
with equality if and only if G is isomorphic to a reqular graph or G € 'y, and
p(p—1)

@ o= 2 (2)

x (; n 1)p(n_p_1) IL©® (20)

with equality if and only if G is isomorphic to a regular graph or G € T'y .
Proof. We have

(G) H ( 1 1 )
= = +

[1,(C v B Ndei)  da(v)

—

~

B Wg(g) (d(jm) " div;)) WQ(G) (d(jfui) " dgzvj)>

dg(vi)=1,dc(v;)=1 dg(vi)>1,dc(vj)=1

1 1
Tl <+>.
wsiey 6 ) dalvy)
dg(vi)>17 d(;'(vj)>1

We have 0 < dg(v;) < A for non-pendent vertices. For v;v; ¢ E(G) with
dg(vi) > 1, dG(”Uj) >1,

2
A
d

and for v;v; ¢ E(G) with dg(v;) > 1, da(vj) =1,
1

+
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Using the same technique as in Theorem 12, we get the required result in
(19) and (20). Moreover, the equality holds in (19) and (20) if and only if G
is isomorphic to regular graph (p =0) or G € Ty (p > 0). This completes the
proof. O

Lemma 14. [17] Let 21, x2,..., n be non negative numbers, and let

1 N N 1/N
Q:NZ:UZ- and ’y(]:[xz)
i=1 1=1

be thewr arithmetic and geometric means, respectively. Then

1 2 1 2
- - - ) <y < — - -)
N(NA)Z(V”“ ij) =a V—NZ(V% V”“V)
i<j 1<J
Moreover, equality holds if and only if t1 =xo =+ =z, .

Let T's be the class of graphs Hs = (V, E) such that Hs is a graph of order
n with maximum degree A, minimum degree § and

A#6, dp,(v2) =du,(vs) =+ =dp,(vn-1).

G5 G6

Figure 4:

Example 15. Let G5 and Gg be the graphs depicted in Figure 4. For Gs,
n=9 A=70=1andt = 3. Moreover, the degree sequence of graph G
is (7,2,2,2,2,2,2,2,1). Hence Gs € I's. For Gg, n =6, A =3,6 =1
and t = 2. Moreover, the degree sequence of Gy is (3,3, 3,3, 3, 1). Hence
Ge € T's.

Now we obtain a relation between the first Zagreb index and Narumi-
Katayama index of graph G.
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Theorem 16. Let G be a graph of order n with m edges, mazimum degree A
and minimum degree §. Then

(n—2)(NK(@)*2 > (A8) ") [(n - 3)(A% + %)
+ 2m—A-6)>—(n—3)M(G)] (21)
and
(A8 =D [(2m — A — 8)* + (A +62) — My(G)] >
(n—2)(n = 3)(NK(G))* "2 (22)

Moreover, both the above equalities hold if and only if G is isomorphic to a
reqular graph or G € T's .

Proof. Setting in Lemma 14, N =n —2 and x; = dg(v;)?,i=2,3,...,n—1,
we get

1 N 1 n—1 ) 1 A2 )
0N 20 g 2 e = o (W(6) - At 8)

1/N n—1 1/(n=2) n 2/(n—2)
2 =1 d Vi
v = <| |wz> = (I_l2 d (vi) ) = (HA;()>

(NK(G))> ™2
(A6)2/(n—2)

and

Y (vE-vEm) =Y (e) - daly)

2<i<j<n—1 2<i<j<n—1

n—1
:(n—3)ZdG(Ui)2 -2 Z dg(vi)d(;(vj)

= (n—8)(M(Q) A7~ ) = 3 da(vi)(2m — da(ws) ~ A~ 5)

—(n—2)M(G) — (n — 2)(A2+6%) — (2m — A — §)2.
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Using the above results in Lemma 14, we get

(n—2) M1 (GQ)— (n—2)(A24+62)— (2m—A—§)?

(n—2)(n—3)
< IVfl(G)_Az_(SZ (NK(G))Z/(n—z)
- n—2 T (A8 (D)

< (n72)M1(G)7(n72)(A2+62)7(2m7A76)2&

= n—2 IR

(23)
that is,

(n = 2)(NK(G))> (=2
> (A8)Y (=2 [(n — 3)(A% +62) + (2m — A — 6)? — (n — 3)M;(G)]

and
(AG)Y (=2 [(2m — A = §)? + (A% + 6%) — M1 (G)]
> (n - 2)(n - B)(NK(G))/ 2.

By Lemma 14, one can see easily that both the equality holds in (23) if and
only if dg(ve) = dg(vs) = -+- = dg(vp—1) . First part of the proof is done.

First suppose that the equality holds in (21). Then dg(ve) = dg(vs) =
<+ =dg(vp—1). If A =4, then G is isomorphic to a regular graph. Otherwise,
A # § and hence G € T'5. Conversely, one can see easily that the equality
holds in (21) for regular graph.

Let G € I's. Then we have A # ¢ and dg(ve) = dg(vs) = --- =
dG(vnfl) = d7 (SaY)‘ NOWv
(n—2)(NK(G))* " = (n—2)d* (A6 "2,
(n—2)(n—3)(NK(G)” " = (n—3)(n—2)d’ (A5 "2,
(A8)* =2 [(2m — A = 8)” + (A* +6°) — Mi(GQ)] = (n—3)(n—2)d* (A§)* "2
and (A8)Y "7 [(n —3)(A% +6°) + (2m — A — 8)® — (n — 3)M1(G)]
= (A9)Y [(n—2)2d> — (n—3)(n—2)d*] = (n—2)d* (A§)Y "2,
Hence the equality holds in (21).

Similarly, we can show that the equality holds in (22) if and only if G is
isomorphic to a regular graph or G € I'; . O
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