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Abstract: In this work, we consider the ill-posed Boussi-
nesq equation which arises in shallow water waves and
non-linear lattices. We prove that the ill-posed Boussinesq
equation is nonlinearly self-adjoint. Using this property
and Lie point symmetries, we construct conservation laws
for the underlying equation. In addition, the generalized
solitonary, periodic and compact-like solutions are con-
structed by the exp-function method.
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1 Introduction

The nonlinear evolution equations (NLEEs) are extensively
used as models to describe physical phenomena in vari-
ous disciplines of the sciences, especially in fluid mechan-
ics, solid state physics, plasma physics, plasma waves and
chemical physics. When a NLEE is analysed, one of the
most important question is the construction of the exact
solutions for equation [1]. In the open literature, quite a
few methods for obtaining explicit travelling and solitary
wave solutions to NLEEs have been suggested such as the
inverse scattering method [2], the bilinear transformation
method [3], the tanh-sech method [4, 5], the extended
tanh method [6, 7], the sine—cosine method [8-10], the ho-
mogeneous balance method [11, 12], the pseudo spectral
method [13], the (G'/ G)-expansion method [14-16], exp-
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function method [17], variational iteration method [18],
homotopy perturbation method [19], the Jacobi elliptic
function method [20], Lie group analysis method [21] and
So on.

It is well known that, conservation laws are very im-
portant tools in the study of differential equations from
a mathematical as well as a physical point of view. A
variety of powerful methods, such as Noether’s method
[22], the multiplier approach [21], [23-25], symmetry condi-
tions method on the conserved quantities [26], partial La-
grangian method [27, 28], nonlocal conservation method
[29-31] have been used to investigate conservation laws of
PDEs.

The well known and celebrated Korteweg-de Vries
equation

Ut + 6UUy + Uyxx = 0 1)

was derived by Korteweg and de Vries in 1895, and which
described weakly nonlinear shallow water waves.

The ill posed Boussinesq (sometimes also called as
bad Boussinesq) equation

Ust = Uxx + (uz)xx + Uxxxx (2)

was described in 1870 by the French scientist J. Boussi-
nesq, for the propagation of long waves on the surface
of water with a small amplitude in one-dimensional non-
linear lattices and in non-linear strings [33-35]. The well
posed Boussinesq equation was also described in this con-
text. It differs only in the sign of the last dispersive term of
the Equation (2). The Equation (2) is used to describe two-
dimensional flow of shallow-water waves having small
amplitudes [36]. In the weakly nonlinear limit, the shal-
low water wave equation for long waves reduces to the KdV
equation. The main difference between the KdV equation
and Boussinesq equations are the shape of the waves. The
Boussinesq equations allows bidirectional waves while
KdV only unidirectional waves.

Very recently, the analytical and numerical solutions
of the ill posed Boussinesq equation were examined in-
tensively in the literature. In [36], the authors studied
the explicit homoclinic orbits solutions for Equation (2)
with periodic boundary condition and even constraint.
In [37], Jafari et al. obtained the solitary wave solutions
of Equation (2) by sine-cosine and extended tanh func-
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tion method. In [35] and [38], the authors used the the-
ory of Lie groups and obtained the symmetry reductions
and group invariant traveling wave solutions. In [39], fil-
tering and regularization techniques were applied for ob-
taining the approximate solutions and to control growth of
the errors. Gomes and Valls in [40] shows that the dynam-
ics in the centre manifold of the ill-posed equation tracks
the dynamics of the well-posed equation. Their results give
partial justification to the long-wave perturbation theory.
There exist also some literatures around the numerical and
analytical studies for the singulaly perturbed Boussinesq
equation [41, 42]. Meanwhile, we observe some important
studies on the local fractional Boussineq equations (see,
[43] and also [44]).

In the present study, we first intended to study the ex-
act traveling wave solutions including periodic, solitonary
and compact-like solutions of Equation (2). For this aim,
we implemented the exp-function method which was de-
veloped by He and Wu [17]. Then we investigated nonlin-
ear self-adjointness and local conservation laws of Equa-
tion (2) by Ibragimov’s nonlocal conservation method.

The plan of the paper is organized as follows : In Sec-
tion 2, we give briefly the description of the exp-function
method.Then, we apply this method to Equation (2). Sec-
tion 3 is devoted to the nonlinear self adjointness, multi-
plier functions and conservation laws of Equation (2). In
Section ??, some concluding remarks are given.

2 Nonlinear self-adjointness and
conservation laws for
Equation (2)

We briefly present notation to be used and recall basic
definitons and theorems that appear in [29, 30] (see also
[25]).

Consider the k™ order system of PDEs of n indepen-
dent variables x = (x!, x2, ..., x") and m dependent vari-
ables u = (ut, u?, ..., u™)

E* (x,u,ugy, ..oy Ugy) =0, a=1,...,m, 3)

where u; is the collection of ith-order partial derivatives
and the total differentiation operator with respect to x!
given by
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in which the summation convention is used. The adjoint
equations to Equation (3) are given by

Ea*(X, u,w, Ugy), W(l)’ cees U W(k)) =0, a=1,....m
5)
with
* 5L
Ea (Xs u,w, u(l)’w(l)’ ceey u(k)9w(k))= W’ (6)

where L is the formal Lagrangian for Equation (3) defined
by

m
L=w'E"=Y w'E" @
a=1
Here w = (wl,...,w™) are adjoint variables and
W(1)s ..., Wi are their derivatives. Here % is the Euler-
Lagrange operator and defined by
6 o0 & k 0 -
50t - Sue +I§( 1) Du---Dsz’ a=1,..,m.
2 1.1k
8
so that
6L  S(WEE") o(W*E%)
dux Sux  ou“
O(WYE®) o(W*E?)
D; <au§‘ > + DDy (auf‘k

Definition 1. [30] Equation (3) is said to be strictly self-
adjoint if the adjoint Equation (5) becomes equivalent to the
original Equation (3) by the substitution w = u.

Definition 2. [30] Equation (3) is said to be nonlinearly
self-adjoint if its adjoint equation (5) becomes equivalent to
the original equation after the substitution

w=¢ 9

where ¢ is a nonzero function depending on the indepen-
dent variables, the dependent variable as well as the partial
derivatives of the dependent variable. In other words the fol-
lowing identities holding for undetermined coefficients /\ﬁ,

Ea (X, u,w, U(l), W(l)’ ceey Ll(k), W(k))

=A§Eﬁ(x,u,u(1),...,u(s)),a,ﬂ= 1,....,m (10)

which will be applicable in the computations.

Theorem 3. [29] Every Lie point, Lie-Backlund and non-
local symmetry

X=¢(x,u, Uy, ---)0, + 070X, U, Ugyy, ...)Oye (11)
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of Equation (3) leads to a conservation law D;(T?) = O con-
structed by the formula
T = &L
+owe [% - D (aalﬁ,-) +D;Dy (%)
- D;DiDn (52L)]

oL
. Dj (Wa) [ablfii - Dk(%) + DkDm <auijkm>:|

oL oL
+ DD (W° D (22
i ( )[a“ijk m((’“ukm)}
oL
' Dﬂth(m”){(auwm>]’

where W* = n® - £'u® and &', n® are the coefficient func-
tions of the associated generator (11).

(12)

Theorem 4. The ill posed Boussinesq Equation (2) be-
comes nonlinearly self-adjoint if and only if there exists a
differentiable function

W= C1Xt + Crx + C3t + Cy4,
where c; are arbitrary constants.

Proof. The formal Lagrangian for the ill posed Boussinesq
Equation (2)

L =w(ue — uxx - (uz)xx - Uxxxx), (13)

where w is a new dependent variable. The adjoint Equa-
tion to (2) has the form

*

F =0,

00‘00
S|~

where the variational derivative of the Lagrangian in our
case is

6L _  o(wF) D (a(wF)> . D2 (a(wF)>

R ou OUy OUxx
o(wF) 4 ( O(WF)
D? +D
‘ ( oug ) ¥\ Otxxxx
and the operators D; and Dy denote the total derivatives in
t, x. From the (14) equation we find the adjoint equation.

(14)

F = Wit — (1 + 2U)Wxx — Wxxxx = O. (15)

If one substitutes u instead of w in Equation (15), Equa-
tion (2) is not recoverd. Consequently, Equation (2) is not
strictly self-adjoint. According to Definition 2, Equation (2)
is nonlinearly self-adjoint if the identity

F |w=¢(x,t,u)= A [uff — Uxx — (uz)xx - uxxxx} s
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holds the following conditions and A is a regular unde-
termined coefficient. The required derivatives of adjoint
Equation (15),

Wy =¢x+¢uux, Wt:¢t+¢uut,

Wxx = (,bxx + 2¢xuux + ¢uuu)2( + (,buuxx,
Wit = Qo + 2Pnlle + Puultf + Puller,

Wxxxx = lzuxuxx¢xuu + 6“)2(uxx¢uuu + 4uxuxxx¢uu
+@xxxx + AUx Do + OUxProxu + Allox Pxu + 4“)3<¢xuuu
+u§¢uuuu + uxxxx¢u + 6u)2(¢xxuu + 3u)z(x¢uu

then the condition (10) is written as follows:

d)tt + 2¢tuut + ¢uuu? + ¢uutt

-1+ 2“)(¢xx + 2¢xuux + ¢uuu)2( + ¢uuxx) - 12uxuxx¢xuu
—6u>2(uxx¢uuu - 4uxuxxx¢uu - ¢xxxx - 4ux¢xxxu
—6uxx¢xxu - 4uxxx¢xu - uxxxx¢u - 6u;2(¢xxuu

—4u)3(¢xuuu - uid)uuuu - 3”)2<x¢uu

=1 [utt — Uxx — (uz)xx - uxxxx]

Comparing the coefficients of derivatives u, we construct
determining equations system and solving this system we
obtain the adjoint variable as

W = C1Xt + CoX + C3t + Cy, (16)

with ¢1, ¢2, ¢3, ¢4 arbitrary constants. O

Taking into account the form of the substitution (16), we
have a four parameter family of the substitution

$2 = x, $s=t, $ps=1

which allows us to get local conservation laws.
We note that the Lie point symmetry generators of
Equation (2)

¢1 = Xt,

0 0 x9o .0 1 d
&’Xz‘&’&ﬁ&”&*(‘i‘“)a

obtained in [35] and [38]. We now construct the corre-
sponding local conserved vectors:

X1 =

Case 5. For symmetry operator X = % the components
of the conserved vector T = (T*, T¥) are given by

Substitution ¢, = xt :

T! = xuy — xtug, T = xtug — tux — 2tUly — tlxxx.
—  Substitution ¢, = x :

T = —Xup, T = XUt — Ux — 2UxlU — Usxxe
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- Substitution ¢p3 =t :

Tt = Uy — tUgyx, TX = tUy.

— Substitution s =1 :

t X
T = —Utx, T = Utt.

It is readily seen that using the divergence condition we ob-
tain the null conserved vectors corresponding to the substi-
tutions ¢3 = t and ¢4 = 1.

Case 6. For symmetry operator X = %,
the conserved vector T = (T¢, TX) are given by

—  Substitution ¢, = xt :

the components of

T = —Xtuxx - 2xtu§ — 2EXUUxx — XEUxxxxs
T =

—  tUxxt + XtUxxxt-

2xtuxue — tug — 2tuuy + Xty + 2EXUU

—  Substitution ¢, = x :

T = =Xl — 2XU3 = 2XUlxx — XUsoocs

T = 2XUplUx — Us — 2Ulls + XUy + 2XUU ey

= Utxx + XUtxxx-
- Substitution ¢3 =t
T' = —tuxe — 2tu? — 2tutex — oo + Us,

T* 2tUxUs + tUpy + 2tUU + Uik

- Substitution ¢p, =1 :
T =
™ =

2
—Uxx — 2Ux — 2UUxx — Uxxxx,
Uy + Ugx + 2UgU + Upxxx -
It is readily seen that using the divergence condition we ob-

tain the null conserved vectors corresponding to the substi-
tutions ¢p1 = xt, ¢, =xand ¢, = 1.

x 0 0
Case7. For symmetry operator X = > 3% + t& +
—% “u) 5o the components of the conserved vector T =

(T, T¥) are given by
- Substitution ¢, = xt :

T' = —%x (thuxx + 42U + 4t Ul + 28U — 1
—  2U — XUy + 2tus + xtutx),
1
T = 1¢
2

( =1 + 4xuy + xzu“ — Qtusu + 2EXUy + BXUyyxyx + 2EX Uyt )

+8uxuy + 4txusuy + 4txupu - 4u — 4u? - 2tus — buyx — 2tixx
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- Substitution ¢, = x :
T' = —3x (2tux + LEUZ + BtUlxx + 2Usx + BUs + XUix)
T = 2XUx — tUs + 2XUsxx — tUp + 3X7 U — 2U°

=2tuu + Xtug — 3 = 2u = 2uxc + 2EXUxU;
+2XtugU + LUuxuy.

Substitution ¢3 =t :

T = _tquX - thui - thuuxx = 2tUxxx + % +u
1 1
+ qux - tu; - Etxutx,
1
T = Et(xutt + 5y + 10uxu + Gtuxuy + 2tuy

+  AtUpU + Slx).
Substitution ¢, =1 :

T = —tUx — 2tuz — 2tUlx — Unnx — 2Us — 3 XU,

T* = 3XUgt + 3Ux + SUxll + 28Ul + tUpy + 2tUsU
+3 Uyxx.

It is readily seen that using the divergence condition we ob-
tain the null conserved vector corresponding to the substi-
tution ¢, = xt.

Remark 8. With the aid of package program Maplel4, we
have checked that the above vectors (Tt, TX) are the conser-
vation vector of Equation (2).

3 Exact solutions of Equation (2)
with exp function method

Let us consider the Equation (2). Introducing a wave vari-
able & defined as
a7)

where k and w are nonzero constants. Replacing (17) into
(2), we have the following ordinary differential equation
(ODE):

& =kx +wt,

<W2 - k2) u -2k (u,)2 — 202U u - K u® = 0, (18)

where prime denotes the differential with respect to &.

The Exp-function method which was developed by
He and Wu [17] is very simple and straightforward. The
method systematically studied for a plenty of NLEEs. It is
based on the assumption that traveling wave solutions can
be expressed in the following form

ZS=—C an €Xp (nf)

S0 bnexp(mg)’ 19

u($) =
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where ¢, d, p and q are positive integers which are un-
known to be further determined, a, and b, are unknown
constants.

We suppose that the solution of Equation (18) can be
expressed as

u(é) - acexp(cé) +...+a_gexp(-dé) .
by exp (pé) + ... + b_gexp (-qé)
This well-matched formulation plays a important and ba-
sic part for obtaining the exact solution of mathematical
problems. To determine values of c and p, we balance term
of highest order in Equation (18) with the highest order
nonlinear term. By simple calculation, we have

(20)

e @
and
Wy - Ccexpl(2c+3p)é]+...
c,exp [5pé] + ...
_ Czexp[(2c+14p)§]+..., @)

c,exp[16pé] + ...

where c; are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Equa-
tions (21) and (22), we have
2c+14p = c+15p, (23)
which leads to the result

p=c. (24)

Similarly to determine values of d and g, we balance the
linear term of lowest order in Equation (18)

...+diexp[-(d+15q)¢]

u® -+ d>exp[-16¢¢] (25)
and
vu - ...+dsexp[-(2d +3q)¢]
... +dbexp[-5q¢]
_ ..t+dsexp[-(2d + 14q)4] 26)

... +dsexp[-16g¢]

where d; are determined coefficients only for simplicity.
Balancing highest order of Exp-function in Equa-
tions (25) and (26), we have

-(d+15q9) =-(2d + 14q), 27

which leads to the result

q=d. (28)

For simplicity, weset p = ¢ = 1 and g = d = 1, so Equa-
tion (20) reduces to

U (&) - a; exp (&) + ap + a_; exp (-¢)

biexp@+botbiexp(d) &
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Substituting Equation (29) into Equation (18), and by the
help of Maple, we have

0= % (R4 exp (48) + R3 exp (3&) + R, exp (2¢)
+ Ry exp (f) +Ro + R_1exp (—f) +R_exp (_25)

+R_3 exp (-3&) + R_, exp (-4¢)|, (30)

where

-k?aob} - kK*aoht - w*a1bibo + k*a1b3bg
+ 2K2atbibo - 2k*araob? + k*a1b3bo + w?aob?
R; = 6k*aiboaohi - w?aibib? - k*aohibo
- 4w aibib_y + 4k a1bib_y + 8k*aibib_,
- 8k’aja_ibi + 16k a;bib_, + w?aob3bg
+ klaibgb} - 2k*a’bib, - 11k"a1bib}
+ 11k*aobibo - 16k“a_1b? - 4k*a_, b}
- 4k*ajbd + 4w?a_, b}
R, = 7Kaibib_1bo +26k*aib_qaoh?
- 4k’aiboa_,b} - 4k*aibob_1by
- 77k*a1bibob_1 - TW?a1bib_1bg
+ 6k’aibjaogh, - w*aobibi - kK*a1bib,
+ 11w?a_1bibo - 4w?aobib_1 - 11k*a_1biby
+ 4kPaghib_q - 18k*a_1biao + 76k aphib 4
+ wlaibiby + K aobibl - 2k*adbibo + 11k*a, b1 b3
- 11k%aobib + k*a_1bibo - 4k*a’b}

-w?aob1 b} + k*aob1bi - 8k*a?b?, b,

- 2KPapa, b3 + 2k*ab1 b} + k*aob,1 b3 — 18k*abdb_,

+ w?a by - kKPai1bg - 16k*a* b3 - k*a, b}
+ 24k*a;b_ia_,1b3 - 26k*a_1b3aoho
+ 4k?aibda_1bi + 28k*a1b_1a0b1bo
- 13w?aoh?b_1bo - 2k*aib1b_1b3 + 13k*aohib_1 b
+ 58k“aib1bdb_1 - 47k*agb?b_1 b
+ 2w?a b1b_1b} - 4w?a bib?, + 11w?a_1bib}
+ 4w’a_bib_y +4k*a1bib? - 11k*a_1 b b}
- 4k*a_\bib_y +12K*adb’b_, - 176k a1 b3b%,
- 11k*a_ b2b% + 176k a_1bib_4

Ro = 40k*aib_ja_1b.bo - 30k*a’,b3ibo
- 30k*aib?;bo + 5w?aibib_, + 5w?a_1b1 b}
- 10w?agh?b?, - 5kK%a1b3b_1 - 5k*a_1b. b}
+ 10k’aoh?b?; - 230k*agbib?;
- 5k*a;b3b_, - 5k*a_1b1b3 — 10w’ aob1b_1b}
- 5k?aib1b* bo - 5k*a_1bibob_4
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10k*aob1b_1b3 - 10k*a,bjaoh_4
10k*a_1béaob, + 20k*a3b.b_1bo
10k*aiaob1b?; + 10k*apa-1b*b_4
115k*a; b1bob?; + 115k"a_1b3bob_y
10k*aob1b_1b3 + 5w?a_1b3bob_4

5w2a1b1b31bo

28k*a_1byaob_1bo - K*a_1 by + w?a_, b
16k*aib?, - k*a_1 by + 24k*a b*1a_1 by
26k*a,b* aobo + 4k*a1b_1a_, b}
2w?a_1b1bdb_1 - 13w?aoh1b?1bo
2k2a_1b1b3b_1 + 13k*aob1b?1 bo
58k*a_1b1bdb_1 - 47k*apb1b?1 b
w?aob_1bg + K aob_1 b}

18k*a? b1 b3 - 8k*a*,bb_1

2k*aga b3 + 2k*ajb_1 b + k*agh_1 b3

4w2a1b1b31 + 11W2(11b(2)b%1 - 4w2a_1b%b%1
4k*a,b1b3, - 11k*a,bdb?, + 4k*a_1bib?,
12k2a(2)b51b1 - 11’(4a1b(2)b31 + 176k4611b1b21

176k*a_1b?b?,

—7w2a_1b1b0b31 + 7’(2a_1b1b0b31
4k2a1a_1b0b%1 + 26k2a0a_1b1b%1
4k*a?1bob_1by - 77k*a_1b1bob?,

6k’>a_1bdaoh_1 - w?aoh?1 b3 — k*a_1bib_4
11w?a;bob?, - 4w?agh b3, - 11k* a1 bob3,
4k2a0b1b§1 - 18k2a1a0b31 + 76k4a0b1b31

w?a_1bab_q + kK*aoh? b3 - 2k*aib? 1 bo

11k*a_1b3b_1 - 11k*aob? b3 + k*a,bob>;

4k*a’1b;

6k’a_1boaoh?; - w?a_1bib?; - k*aob?,bo
aw?a_1b b3, + 4k*a_1b,1 b3, + 8k*a® b, b*;
8k’a_ya1b?, + 16k*a_1b1 b, + w?aoh?, by

KPa_1b3b?, - 2k*a’,1bgb-1 - 11k"a_1b5b?;

11k*aoh?,bo - 16k*a,b*; - 4k*adb?;

4w?aib®; - 4k*a b,

~k*aob*; - K*aob®, - w?a_1bob>;
k*a_1bob?; - 2k*a_1aob?; + 2k*a®,bob?;

k“a-lbob§1 + Wzaobﬂl.
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Equating the coefficients of exp (né) to be zero, we have

Ry=0,R3=0,R;=0,R;1 =0
Ry =0, (31)
R1=0,R,=0,R3=0,R,4=0.

Solving the system, Equation (31), simultaneously, we ob-
tain

_1ho (-k* + 5k* + w?)
%o = 3 12
1 (K> +k*-w?) by
al = _5#1 (32)
1 bg (K + k" —w?)
1 = 73 kb, ’
bo=bo, b1 =b1, k=k,w=w.
Therefore, we obtain the following solution :
_ Y rh a2 o
u(x, t)= z—kz(k +k W) (33)

. 12bob1k?
4b? exp (kx + wt) + 4boby + b} exp (—kx — wt)’

Generally by, b1, k and w are real numbers, and the ob-
tained solution is a generalized solitonary solution.

In case kand w are imaginary number, the obtained
solitonary solution can be transformed into periodic so-
lution or compact-like solution. If we write k = iK and
w = iW and use the following equality

exp (kx +wt) = exp(i (Kx + Wt)) = cos (Kx + Wt)
+ isin((Kx + Wt))

and

exp (—kx - wt) exp (i (Kx + Wt)) = cos (Kx + Wt)

isin ((Kx + Wt)).

Equation (33) becomes

71(2 (K‘* “K%+ WZ) (34)

. (=12) bob1 K
(4b3? + b}) cos (Kx + Wt) + 4boby

ux,t)=

(35)

+i (4b? - b}) sin (Kx + Wt)

If we search for a periodic solution or compact-like solu-
tion, the imaginary part in the denomitor of Equation (34)
must be zero, that requires that

4b3 - bj = 0. (36)
Solving bo from Equation (36), we have

bo = +2b;. (37)
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Substituting Equation (37) into Equation (34) results in a
compact-like solution, which reads.
u(x,t)=

2
1 (K‘* K+ WZ) + 3K (38)

2K? T cos(Kx+Wt)F 1’
Remark 9. Comparing our results and Jafari et al. results
[38] then it can be seen that the results are same.

Remark 10. We have verified obtained the solutions of
Equation (33), Equation (34) and Equation (38) with the aid
of Maple.

4 Conclusion

In this study we considered the ill posed Boussinesq equa-
tion. We first discussed the exact travelling wave solutions
with the exp function method. We have constructed gener-
alized solitonary, periodic and compact-like solutions.The
obtained exact solutions should be very useful in vari-
ous areas of applied mathematics and they can interpret
some physical phenomena. The Exp-function method has
more advantages: it is direct and concise. In addition, this
method clearly avoids some linearization processes, un-
realistic assumptions and consequently it provides exact
solutions efficiently.Then we considered a nonlocal con-
servation method. We constructed an adjoint equation by
applying the formal Lagrangian to the variational deriva-
tive. We showed that the ill posed Boussinesq equation is
not self-adjoint. Using the notion of nonlinear self-adjoint
we obtained numerous local conservation laws. The con-
served vectors obtained here can be used in reductions and
solutions of the underlying equation [45].
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