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1 Introduction and preliminaries

Fractional calculus, which is calculus of integrals and derivatives of any arbitrary real or
complex order, has gained remarkable popularity and importance during the last four
decades or so, due mainly to its demonstrated applications in diverse and widespread
fields ranging from natural sciences to social sciences (see, e.g., [1, 3,17, 19, 20, 23, 24] and
the references therein). Beginning with the classical Riemann-Liouville fractional integral
and derivative operators, a large number of fractional integral and derivative operators and
their generalizations have been presented. Also, many authors have established a variety
of inequalities for those fractional integral and derivative operators, some of which have
turned out to be useful in analyzing solutions of certain fractional integral and differential

equations.

Definition 1.1 Let [a,b] (—00 < a < b < o0) be a finite interval on the real axis R. The
Riemann-Liouville fractional integrals J¢, f and J; f of order « € C (9(cr) > 0) witha >0
and b > 0 are defined, respectively, by

(]ZJ)(?C) = ﬁ /:(x -0 () dt (x >a; Ra) > 0) (1.1)
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and

b
i f) () o= %a) /x -2 f(O)dt  (x<b;N(e)>0). (1.2)

Here, I' () is the familiar gamma function (see, e.g., [28, Sect. 1.1]). For more details and
properties concerning the fractional integral operators (1.1) and (1.2), we refer the reader,
for example, to the works [6, 13, 15, 18, 19, 24, 25, 27, 29, 30] and the references therein.

In [5], the Chebyshev functional for two integrable functions f and g on [a, b] is defined
as follows:

b b b
1605 [ swewar- 1 ([rwa) o ([awa). o

In [3, 11, 12] the applications and several inequalities related to (1.3) are found. In [5],
the weighted Chebyshev functional is defined by

b b
T(fgp) = 5 / plx) dx f FWg)p) dx

b b
- / Fp) da / C@p(x) dx, 14

where f and g are integrable on [a, ] and p is a positive and integrable function on [a, b].
In [14], Elezovic et al. proved that

1,1
7t g7

1/ (b b . x . z 1
T 1 & ) §_< () )| - |D( p /(t) dt‘ d d)
| T(f.g.p)| 2/ﬂ/apxp(yxy /ylf ! xdy

b b 11 x
@p)lx -y« ¥ (0P dt
x(/ﬂ/apxp x—y /;g |
1 b prb 1,1
<L ([[ [ i dray),

where f” € L*([a,b]) and g € L#([a,b]), 0, B,y > 1,2 + 5 =1, % + % =1, and % + % =1.
In [10], Dahmani et al. proved the following fractional integral inequality for Chebyhev

1
7

dx dy) ’

v
B

functionals:
2P pfa(t) - pf O pg(t)]

I lelig'lls [* [F Y SV S
<Al [ [ -2 slptaipt) e,

where f” € L%([0,00)) and g’ € L#([0,00)), a, 8 >1and © + % =1.
Additionally, taking a positive and integrable function g on [a, b], we consider the ex-
tended Chebyshev functional [7, 22]

b b b b
T(f.gp.q) = / 4 dx / Fx)gxp) dx + / ) dx / Fg@)ql) da

b b b b
- f F@px) dx / (g dx - / Fq() de / g@p@ dx. (L5)
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Many researchers have given valuable attention to functionals (1.4) and (1.5). For more
details, we refer the reader to [3, 8, 21] and the references therein.

Dahmani et al. [9], established some inequalities for the weighted and the extended
Chebyshev functionals with certain conditions via Riemann-Liouville fractional integrals,
which are recalled in the following two theorems.

Theorem 1.1 Let f and g be two differentiable functions on [0, 00) and p be a positive and

integmblefunction on [0,00). Iff € L%([0,00)), g’ € LP([0,00)), a, B,y > 1 with é + % =1,
1

3 ;3’ =1, and Sty =1 then for all t >0, § > 0, we have the inequality

2P p(&)°pfe(t) - g () pf (0)|
T S N e )
5<F(8) [ [ =0 ptoptoris -1 dwy

x(”f"” [ [ =t porpts - 7 dsay)’

< ||f/||ot||g ”/3 (/ / (t—x)‘s"l(t—y)‘s_llx—y|°}/+/31/p(x)p(;/)dxdy).
0 Jo

==

T(5)?

Theorem 1.2 Letf and g be two differentiable functions on [0, c0) and p, q be two positive
and integmblefunctions on [0,00). If f' € L*([0,00)), g € LP([0,00)), &, B,y > 1 with ~ +
5 =1, % ﬂ— =1, and—+yi =1, thenforallt>0,§ >0, we have

Pa@& pfe(t) + I’ p(OF afg(t) - I’ pf )] qg(t) - I’ af (£)]° pg(2)|
Wb ([ [ 0= st pioi) ).

2 Main results

In this section we present some inequalities for the weighted and the extended Chebyshev
functionals involving the fractional integral operators, respectively, Katugampola frac-
tional integral operator, mixed conformable fractional integral operator, and Hadamard
fractional integral operator.

Definition 2.1 ([16]) Let [4,b] C R be a finite interval. Then the left- and right-hand side
Katugampola fractional integrals of order (« > 0) of f € X% (a, b) are defined as follows:

et l—oz X t,o—l
70~ L5 || Garmyeel O

and

pl—at b tp—l
I = t)dt
W T / @ =y
with a < x < b and p > 0, if the integral exists.

Theorem 2.1 Let f and g be two differentiable functions on [0, 00) and p be a positive and
integrable function on [0,00). If f' € X% (a’,b"), g € XE(a”,b"), 1,5,y > 1 with % + } =1,
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% Sl,—l and% i,—l then forall t >0, a, p >0, we have

2|PIWP(t)/’Iapfg(t) - pIan(t)pIapf(t)\ o
_aHf/”y yp—l
: |: ./ / (tP —xp)l o« (0 — yp)1- oz| _y|’ s P(x)p(y)dxdy:|

i “||g 4 yr-l "
* |: / f (z° —xﬂ)l o« (g0 — yp)ln X =ylr Sp(x)p(y)dxdy]

PN ol x! y! 1,1
S(FEE)|anmnﬁL!4 e e e e v

Proof Let us define

-

1
Y’

H(x,y):= (f(x) - f0)(g®) —g®»)); xy€(0,1),£>0. (2.2)

Multiplying (2.2) by £ T a) W p(x) and integrating the resulting identity with respect
to x from O to ¢, we can write

xP-1
F(O{) /0 (tp —xp)l—ap(x)H(x;y) dx

="T°pfe(t) - g0)"Ipf (1) - f ()" L% pg(t) + f () )° L% p(2). (2.3)

Again, multiplying (2.3) by ‘;1(; %p(}/) and integrating the resulting identity with
respect to y from 0 to ¢, we can write

pl—a 2 ot pt xP1 yp—l
(F) | [ et v dss
=2[PTp(t)° T pfe(t) - T pg(t)° T*pf (8)]. (24)

Also, on the other hand, we have
H(x,y):= / / [ (w)g (W) dudw. (2.5)
y Jy

By employing Holder’s inequality, we have

@) -fO)| < e —y17 / 1) due| 2.6)
y
and
le®) -g0)| < =17 / e[ dwl|’ 27)
y
Then, we can estimate H as follows:
Hep)| < -7 % | [Pl ‘ el du| (2.8)
e < b1 [[ Il a| [ g on)aa
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Therefore, we can write

2P Z°p(6) T pfe(®) - "I° pg(t)° I pf (8)|

pl—a 2 st pt xP1 yp—l
= <r(a)) /o /o @ —wrye (@ —yoyra PO

/y.x[f/(u)rdu

1 1
X |x—y| 7"V

1 1
’/ lgw)| dw’ dxdy.
y
By Holder’s inequality for double integral, we obtain

2| Ip()’ I pfg(t) — "I pg(t)" I pf (¢)] (2.9)

< P\ /t/t w7 ! |x_y|%+

“\TI'(e) o Jo (P —xP)l=e (tr —yr)l-e

X / [f’(u)|rdu
y’” 1,

) // o=y (o -y

L/
X / ’g ‘dw
y

Using the following properties:

=

pply) dx dy] '

“=

BIaS

p(x )p(y) dxdy]

y
’ INCEE

Y s
g (w)| dW’ <

(2.9) can be written as
2|7 Z°p(t)"I° pfg(t) — *I° pg(t)"I° pf (¢)|

pl “Ilf’IIV o1 /
= |: / / (tP —x/’)l @ (tp — yp)l oz| _y|’ SP(x)P(y)dxdy}

p' a||g 1 yo-l
: |: -/ / (¢r —xﬂ’)1 o (P — yp)l-a v — 9’|’ SP(x)p(y)dxdy]

Therefore

=

L
Y’

2|7 Zp(t) I pfg(t) - "I pg(t) I pf (¢)|

pl—a 2 , , t t xp_l y’o_l
< (TC[)) “-f ||ng ||S./0 L (t'o _x,ﬂ)l—ol yp) |x y|r sp p(y)dxdy

This completes the proof. O

Theorem 2.2 Let f and g be two differentiable functions on [0, 00) and p, q be positive and
integrable functions on [0,00). If f' € X (a’,b"), g’ € X (a?,b"), 1,5,y > 1 with 1 + L =1,

Page 5 of 10
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% Sl,—l and% i,—l then forall t >0, a, p >0, we have

PZq(6) I pfe(®) + *I° p(6) I* qfg(t) - "I° pf (1)° T qg(¢) - I qf (1)° I* pg(2))|

pl—oc 2
< (&) VL lel,

p-1 1,1
X fo /0 )= i'yp)m lx = y[775 p(x)q(y) dx dy. (2.10)

Proof Multiplying (2.3) by @1(7 %q(y) and integrating the resulting identity with re-
spect to y from O to £, we can write

|’]I°‘q(t)pID‘pfg(t) + pID‘p(t)pIaqu(t) — pIapf(t)pID‘qg(t) — pIaqf(t)pIapg(t)|
pl—a 2 st pt xp—l yp—l
= (r(m) /o /0 @ —w) = @ —yryie 7Y

X /yxv/(u)rdu ’

+

\\l [
m

’ f |g/<w>|sdw‘sp<x>q<y) dxdy.
y

Using the same arguments as in the proof of Theorem 2.1, we obtain the desired re-
sult.

d

Definition 2.2 ([1]) Let f be defined on [a, ] and @ € C, Re(«) > 0, p > 0. Then:

(i) The mixed left conformable fractional integral of f is defined by

b~a,p _ L ¥ <(b _S)p - (b _x)p >oc—1 YS! .
B I e IR

and

(i) The mixed right conformable fractional integral of f is defined by

ana, s—a)’ —(x—a) .
3, f(x F(a)/f (—p ) (s—a)’ds.

For recent results related to this operators, we refer the reader to [1, 2, 4, 26]
Theorem 2.3 Let f and g be two differentiable functions on [0,00) and p be a positive

and integmblefunction on [0,00). If f' € L,([0,00), g’ € Ly([0,00), 7,5,y > 1with L + L =1
% ——1 and—+ ; =1, then forall t >0, «, p >0, we have

2003 p(e)53 pfa() =5 3 pe()53° bf 8)]

117 L(b—-x)P —(b-1)P\*" .

S[F(W)/o /o ( P ) (b=
b9 —(b—1)P\* 3
(M) (b— )" -y # ¥ p x)p(y)dxdy}

i1 (b-2 ~ (b= i
[ [ () o
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1
v

b-y) - (b-t))\*
X(%) (b= x =517 "7 pla)p(y) dxdy]
= () /o/o< o
b-yr-(b-t)
x(%> (b =y e =977 plap(y) dxdy.

Proof Multiplying (2.2) by ﬁ(%)“‘l (b — x)""p(x) and integrating the resulting
identity with respect to x from 0 to ¢, we can write

trh—x) —(b—t)P\*!
) (5 ﬂ) (b - p)H (x,9) dx

=0 3" pfe(t) — g0)gI“ S (6) - f0)63* " pe(t) + ()T’ p(2). (2.11)

Now, multiplying (2.11) by ﬁ (W)"‘l(b —)*"p(y) and integrating the resulting
identity with respect to y from O to ¢, we can write

r2(a)/ / <(b = t)) b-af™

x( ) (b -y pla)pO)H (5, 9) dxdy
=23 ”p(t)bJ“ ?pfa(e) 4 3" pg ()53 pf (1))

Using the same arguments as in the proof of Theorem 2.1, we obtain the desired re-
sult. O

Theorem 2.4 Let f and g be two differentiable functions on [0,00) and p, q be positive

and integmblefunctions on [0,00). Iff' € L,([0,00), g’ € Ls([0,00), r,s, > 1 with % +% =1,
§+ =1, and— + 5 L — 1, then forall t >0, a, p >0, we have

|3 q(£)53 pfg(8) +4 37 p(£)53 P afe(£)

—0 3 pf (53" q8(£) —4 3 af ()53 pe(8)|

_ Pl lgls (b- x)p (-1 \*" .
— Fz ot) //( ) ( x)p

b b-t)y
(%) b-y"x- ylr”’ (X)q(y) dxdy.

Proof Multiplying (2.11) by ﬁ (W )*~1(b-y)*"q(y) and integrating the resulting

identity with respect to y from 0 to ¢, we can write

3% (D53 pfg(t) +4 3 p(6)53 afe(£)

—0 3 pf (053" qg(£) —4 3 af ()53 pg(2) |

N L e VS
5r2(a>/o/o< , ) o=

Page 7 of 10
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a-1
X((b—y)p;(b—t)ﬂ) (b3 —y >

x /y @) du ’ /y )] dw‘ P@a0)dxad.

Using the same arguments as in the proof of Theorem 2.1, we obtain the desired re-
sult. d

Definition 2.3 The Hadamard fractional integral of order « € R* of a function f(t), for
all £ > 1, is defined as follows [19]:

W) = )/( ) ke

Theorem 2.5 Let f and g be two differentiable functions on [1,00) and p be a positive

and integmblefunction on [1,00). Iff' € L,([1,00), g' € Ls([1,00), 1,8,y > 1 with % + % =1,
1

. ——1 and—+ ; =1, then forallt > 1, o« >0, we have

2|u]* (PO } ] {pfe@®)} — w* {pe®) I {pf ()}

A AN N A A N 1,1 p(x)p(y) v
S[F(oo//(log?c) (l°g§> Ay dxdy}
lg'Il} £\ p(y }
log = _
[r(m//( ) (Ogy) =17
TARrP £\ £\ l,+i,p(x>p(y>
= "Ta) /1/1<l°g§) (1°g§> ATy

Proof Multiplying (2.2) by (log £ p(x) and integrating the resulting identity with respect

==

xI‘(a
to x from 1 to £, we can write
/ ¢ —)H( %9) dx (2.12)
F(a)

=ul*{pfe (t)} — gl {pf O} ~fO)uT* {pe@®)} +f 0T {p@®)}-

Now, multiplying (2.12) by p(y) and integrating the resulting identity with respect
to y from 1 to £, we can wrlte

1 Y e\ pw)py)
o ], [ (on5) (oey) PP reasay

=2[1J*{p®) ) {pfe@®)} = 1T {pg@®) 1 {pf (©)}].

Using the same arguments as in the proof of Theorem 2.1, we obtain the desired re-
sult. O

Theorem 2.6 Let f and g be two differentiable functions on [1,00) and p, q be positive
and integrable functions on [1,00). Iff' € L,([1,00), g’ € Ls([1,00), r,s,y > 1 with % + % =1,
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o =

=l,and L + L =1, thenforallt > 1, a >0, we have

1
y oy

+
@ [

|17 aO} I {pfe®)} + 1 {p(©) ) {afe(®)}
- {pf @} {ag®} - 1 {af O} {pg()}]

/ . / s t pt t a-1 t a-1
- IIF ||2 Ig'l / / <]0g _) <10g _) |x_y|;+g,p(x)p(y) dxdy.
Ma) Ji & x y xy

(log £)*~! . . L
Oygry(a) q(y) and integrating the resulting identity with respect

Proof Multiplying (2.12) by

to y from 1 to £, we can write

| {a@} I {pfe@®} + i {p(®)} 1) {afe @)}
- {pf @)} {ag®} - I {af O} {pg()}]

et o)
og — 0og — x =y
M) i L x y g

=<
- s “p)q0)
x / If ()| du / g )| dw| ZELE gy gy,
¥ y Xy
Using the same arguments as in the proof of Theorem 2.1, we obtain the desired re-
sult. O

3 Concluding remarks

In this paper, we established some integral inequalities related to the weighted and the
extended Chebyshev functionals for different fractional integral operators. If we consider
p =1 in Theorem 2.1 and Theorem 2.2, then the obtained results will reduce to the said
inequalities obtained by Dahmani et al. [9].
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