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1. Introduction

In 1882, Chebyshev proved on interesting and useful integral inequality as follows:

1 b 1 b 1 b
o f f(x)g(x)dxz(b_a f f(x)dx)( — f g(x)dx) (1.1)

where f and g are two integrable and synchronous functions on [a, b]. Here two functions f and g are
called synchronous on [a, b], if

(fx) = fO)(gx) —g() =0  (x,y € [a,b)).

The inequality (1.1) that is well known as Chebyshev inequality has many applications in diverse
research subjects such as numerical quadrature, transform theory, probability, existence of solutions of
differential equations and statistical problems. Therefore, many researchers have given considerable
attention to this inequality, (see [3,10-12, 18-22].
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On the other hand, one of the methods used to generalize inequalities is fractional calculus. In
this context, firstly, in 2009, Chebyshev inequality involving Riemann-Liouville fractional integrals is
presented as the following:

Theorem 1.1. ( [2]) Let f and g be two synchronous function on [0, 00). Then forall t > 0, a > 0, we

have:
IN'a+1)
t(

TS 80 2 JUf0)Jg(1) (1.2)

where J f(t) denotes Riemann-Liouville fractional integral operator of a function f(t) and T is the
Gamma function such that these are defined as follows (see e.g. [17]).

Let f € Lla, b]. The Riemann-Liouville fractional integrals J¢, f and J}_f of order a > 0 are defined
by

1 X
Jo f(x) @ f (x=0* f(dt, x>a

1 b
JLf(x) = TS f (t—x)""fdt, x<b

respectively. Also the gamma function is defined by

() = f e 't dr.
0

Here is J2+ f(x) = Jg — f(x) = f(x). In the case of @ = 1, the this fractional integral reduces to the
classical integral.

After this study of Belarbi and Dahmani, generalizations of Chebyshev inequality were obtained for
the different types of fractional integral operator with similar technique. (see, e.g. [2,5-7,14,23-25,28].

Recently, the new generalizations of the Riemann-Liouville fractional integral operator, have been
described with the help of various extensions of the Mittag-Leffler function. Now lets give some of
these operators which we will need in the second section.

Definition 1.1. ( [13]) Let a,B,p,1 € C, Re(a) > 0 and Re(B) > 0. Let f € Lla,b] and x € |a, b].
Then the fractional integral operator €(a, 8, p, A) defined by Prabhakar is as the following:

(@, B, 0, Vf(x) = f x(x — 0L JA(x = 0" f(ndt

where

Z (p)nz
I'(an + B)n!

and I is the Gamma function.

Definition 1.2. ( [26]) Let z,5,y,w € C, Re(a) > max{0,Re(k) — 1}, min{Re(B), Re(x)} > 0. Let
f € Lla,b] and x € [a,b]. Then the fractional integral operator €.} ¢ defined by Srivastava and
Tomowski is as the following:

(€t sP)(X) = f (x =t Elflw(x = 0%lp(Ddr - (x> a)
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where

O W
E”(2) = —
ap®) ; I'(an + B) n!
and I is the Gamma function.

Definition 1.3. ( [16]) Let a,B,y,6 € C, min{Re(@), Re(B), Re(y), Re(6)} > 0, p,q > 0 and g <
Re(a) + p. Let f € Lla,b] and x € [a,b]. Then the fractional integral operator € defined by
Salim and Faraj is as the following:

aﬁpwa*

€ warPX) = f (x = tf T ELS (w(x = D)p(n)d!

where

Yan 7"
Ey ,0,9 q
wor®) = Z [(an + ) (6)pn
and I is the Gamma function.

Definition 1.4. ( [15]) Let p > 0, g > 0, w,0,4,0,c,p € C, Re(c) > 0, Re(p) > 0 and Re(c) > 0. Let
f € Lla,b] and x € |a, b). Then the fractional integral operator (6‘” o [ defined by Rahman et al. is
as the following:

@i = [ e B - o s

where

E(S,q,C(Z. ) _ i BI’(6 +ng,c— 5) (c)nq i
oo CP = 2 Bse—0)  Tipn+ oyl

and B,(x,y) is an extension of Beta function defined in [15]

1
Bp(x,y):ftx_l(l—t)y_]e_t(lpt)dt x,y,p>0 (1.3)
0

where Re(p) > 0, Re(x) > 0 and Re(y) > 0. Also, here B is familiar Beta function as follows:

F(a)r(b) ] a-1 b1
B(a,b) = (a+b) j(; (1 -0""dt, a,b>0. (1.4)

Definition 1.5. ( [1]) Let w, a,B,0,0,c € C, Re(a), Re(B), Re(d), Re(6), Re(c) > Owithp >0, g >0
and 0 < r < g+ Re(a). Let f € Lila,b] and x € [a,b]. Then the generalized fractional integral
operator E;(Saqﬂr; f is defined by

(€257 ) (x: p) = f (x = P ESE" (w(x — )% p) f(Ddt (1.5)

where

6qrc( ) _ Z Bp(5+ ng,c — 6) (C)nq "

Eopo 4 B(6,c—=6)  T(an+p) (o)

and B, and B is as (1.3) and (1.4) respectively. For further information about this operator, ( see
[1,8,927]).
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2. Main results

Theorem 2.1. Let t be a positive function on [0, o] and let f and g be two differentiable functions on
[0,00]. If f € L. ([0,0)), g’ € L, ([0,00]), r > 1, ¥ + 57! =1, then forall x > 0, a > 0, 8 > 0, we
have

,0, ,0,4,1,C . ,0,4,1C . ,0,,1,C .
2|6t tf &)X PIEY: et p) = (€5t la st (6 P (€. o 18)(x; p)

< f A M f f (x =% V(x = p)? VIt - plt(0)t(p)
0 0
X Ef:;i’,r’;(w(x -7)% p)Ejf’[;z‘(w(x -p)%; p)d‘rdp
< G s (x; p)). 2.1)

Proof. Let f and g be two functions satisfying the conditions of Theorem 2.1 and let ¢ be a positive
function on [0, o], Define

H(t,p) := (f(1) = f(0)(g(1) — g(p)); 7, p € (0, x), x > 0. 2.2)

Multiplying (2.2) by
(x — T)(ﬁ_l)E‘s’q’r’C(a)(x -7)% p) t(1); 7 € (0, x)

a,B.o

and integrating the resulting identity with respect to 7 from 0 x, we can state that

f - DFVEM (w(x = )% p)iD)H (T, p)dT
= (e 1f2)(x; p) — f(p)eg i 1g)(x; p)
— E)ErE 1 f)(x; p) + f(0)g(P) € 1)(x; p) (2.3)
Now, multiplying (2.3) by
(x = ) VEL"(w(x = p); p)i(p):p € (0,%)

and integrating the resulting identity with respect to p over (0, x), we can write

[ —
EX4™(w(x = p)% p)i(D)(p)H(x. p)ddp
(6o RO P ) = (€5 o) P o) (6 p)

— (1) (s pI eyt ) p) + (€00t @)(x; P)(€g ) (x; p)
B .3, .3, a3,

X

Consequently,

y ) o A\B-Dy,. _ NB-1) pog.rc e
f(; ﬁ(x T) ()C p) Ea,ﬁ,(r ((.U()C T) ,p)
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X E0i(w(x - p)"; p)HD)Hp)H(t, p)dTdp
= (e PUEEN )~ (et 0k e 1) p)
On the other and, we have

o P
H(z,p) = f f f'Og (z)dydz.

Using Holder inequality for double integral, we can write

0 P Yo o 57!
H(z, p)] < f O dydz f ¢/ (@)dydz
Since,
0 P rl » 0 rl
f FOdyds] = —pl f Ol dy
and

—1

oo s Gl 5
| f f S @Pdydd = v - pl f g (Pdz
then, we can estimate H as follows:
r’l 0 ]
f lg'(2)'dz
On the other hand, we have

f ) f - DD PP VEN(w(x - 1) p)
EX(w(x = p)*; )i p)|H(T, p)|drdp

f f (x =)V = p) Ve = pltOHP)ELS (w(x — ) p)
0 Jo i

EX"(w(x = p)"; p)

51

rdy

X

IA

X

S_l
‘dz| dtdp

rdy

Applying again Holder inequality to the right-hand side of (2.10), we can state that
f f (x =) D(x - P)(ﬁ_l)EZ;f:(w(x -7)% p)
X Esi(w(x - p); p)ii(p)|H(T, p)|drdp

[ [ [ om0 Ve - plteror Bz wtx op)

IA

x B wx-p)p f 7o dlrde|

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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| [ [ o e plt(r)t(p)Ejj;;:;f (wx =77 )

X Z%ff(w(x P p f lg’ (Z)lsdz'dep

Now, using the fact the

Y 0
| f FONa| <11 | f 8@l dz| < Il @.11)
we obtain
f f (x =D V@ = p) P VE (wlx = 1) p)
0 Jo i
EX(w(x - p)"; p)t)H(p)|H (T, p)|drdp

[nf’u:, fo fo (x = ¢ V(x = )Vl - pliD)r(p)

~1

Ei’f,if(w(x -7)% p)Ej?ﬁ’ff(w(x -p)% p)drdp]r

[Ilg'lli, fo fo (x =DV (x = 0¥Vl — plt()1(p)

X

IA

X

X

—1

EX(w(x = )% p)ESS"(w(x - p)*; p)dep]s : (2.12)

X

From (2.12), we get
f f (x =) V(x ~ P)(ﬁ_])EjZ;’:f(w(x -7)% p)
EX4"(w(x = p)*; p)HOUp)|H(z, p)|drdp

||f'||r||g’||s fo fo (x =DV (x = ¥Vl — plt()r(p)

X

IA

71

X

Ef;f]ﬁ’ff(w(x -7)% p)Eg’,qﬁ’:f(w(x -p)% p)drdp]

[ f ) f (= DD (x = )Vl = plt(D)H(p)
0 0

X

51

Bt s p)ES = s e @13

I'= 1, then we have

f x f eV PP VEN(w(x - 1) p)
X Eyid(w(x = p)s p)iouo)|Hx. p)|drdp

Since r ! + s~

(2.14)
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< 17 fo fo (= 1 (x - )Vt — pli(D)i(p)

X Eggit(we = 0% p)Eqht (w(x = p); p)drdp|.

By the relations (2.4) and (2.14) and using the properties of the modulus, we get the first inequality in
(2.1). We have

Hence,
O0<|t—p| <x

Therefore, we have

f f (x =D P = p) P VE (wlxr = 1) p)
0 0

X Epi(w(x = p)" p)ii(o)|H(x, p)|drdp
< 1P gL f f (x =0 D= )0
0 0
X Ept(wx = 1) p)Enhid(w(x - p)*; p)t(T)t(p)dep]

LA 1 (€7 1)) (2.15)

Theorem (2.1) is thus proved.

In Theorem 2.1, if we set #(x) = 1, we arrive at the following corollary :

Corollary 2.1. Let f and g be two differentiable functions on [0, o). If f' € L.([0, co]), g’ € L([0, oo]),
r>1,r'+s ! =1, thenforall x >0, a > 0, 8> 0, we have:

W, ,1,C 1 W, r,c W, r,c
(€0 Fo)(x: p) — AN €0 1) p)(Egi 2)(xs p)
ey ntro)(1)

1 ! 7 . r,c
< SUPILIE ey ). (2.16)

Corollary 2.2. For different choices of parameters in (2.1) we can establish the corresponding
fractional integral inequalities such as

(i) setting p = 0, we get Chebyshev inequality for the Salim-Faraj fractional integral operator
defined in [16],

(ii) setting o = r = 1, we get Chebyshev inequality for the fractional integral operator defined by
Rahman et al. in [15],

(iii) setting p = 0 and o = r = 1, we get Chebyshev inequality for the Srivastava-Tomovski
fractional integral operator defined in [26],

(iv) setting p = 0 and o = r = q = 1, we get Chebyshev inequality for the Prabhakar fractional
integral operator defined in [13].
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Remark 2.1. In (2.1) setting p = w = 0, we get the inequality (3.1) in [4].

Theorem 2.2. Let t be a positive function on [0, o] and let f and g be two differentiable functions on
[0, 00]. If f' € L([0,00]), g € Ly([0,00]), r> 1, r '+ s =1, thenforall x >0, a>0,8>0, 1> 0,
0 > 0, we have

](e“tif;;’;r)(x; PIES112)(x5 p) + (€0 s D)(x; p)(eg it fg)(x; p)
— (N Py 1) (s p) = (65 1 )X p) €y nlaintg) (x; p)
1£7111g 1l fo fo (x =DV (x = p) VIt - plit()(p)
X Efl’%f(w(x -7)% p)Eﬁ”Zigc(w(x - ) p)dep

£ 1lg lex(eg. e D) (s p)(€ge sty )(xc; p).- (2.17)

Proof. Using the identity (2.3), we can state that

Lx Lx(x — )BTy = p)(e—l)E%;c(w(x S p)
EY(w(x = p)'; p)u)H(p)H (T, p)drdp
= (& D €10 p) + (6 (s p) ey 1 f9) (ks p)
Sii‘fﬁr;tf)(x p)( (‘;1%9r;tg)(x p) - Sidﬁqer;tf)(x p)(eui‘i’y‘%’;tg)(x; D). (2.18)

From the relation (2.9), we can obtain the following estimation

IA

IA

X

fx(x - T)(ﬂ_”Ei’%’rj(w(x -7)% p)t(T)|H(T, p)|dT

f (x = D)Vl = plESS (w(x = 1) p)i()

f |f '(V)Irdy f g’ (z)|*dz

f f (x =DV = ) VESG (w(x = 1) p)

dr (2.19)

Therefore, we have

X Egr(w = o) p)@ip)|H . p)ldvdp
< f f (x—T)w‘”(x—p)“"”lf—plEi’%’ff(w(x—T)";p)
x  Ep(wx-p)'p) t(r)t(p)‘ f f (y)l’dy f g’ (2)I'dz dep (2.20)

Applying Holder inequality for double integral to the right-hand side of (2.20), yields

f f (x =)V = )P (e — ) p)
0 Jo w
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X ES(w(x - p)'s p)ioip)|H(x, p)ldrdp
f f (x =000 = ) Vlr = plEG T (w(x = 1) p)

—1

IA

< B ot-ptspono)] [ irora

X f f (x = ¥ V(x = p) Pt = plEy (w(x = )% p)

d‘rdp

-1

x B (wx—p)'sp) t(r)t(p)] f 1§/ @)l deldrdp| 2.21)
By (2.11) and (2.21), we get
fo x fo (= DV - p) VBN (w1 )
X Eygnt(wle=p)'s p)i@io)| H(x, p)ldrdp
< PN fo x fo (= 50 - )Vl = (o)
X Ei’%f(w(x -7)% p)Ei:Z:;C(w(x -p)Y p)drdp. (2.22)
Using (2.18) and (2.22) and the properties of modulus, we get the first inequality in (2.17). O

Corollary 2.3. For different choices of parameters in (2.17) we can establish the corresponding
fractional integral inequalities such as

(i) setting p = 0, we get Chebyshev inequality for the Salim-Faraj fractional integral operator
defined in [16],

(ii) setting o = r = 1, we get Chebyshev inequality for the fractional integral operator defined by
Rahman et al. in [15],

(iii) setting p = 0 and o = r = 1, we get Chebyshev inequality for the Srivastava-Tomovski
fractional integral operator defined in [26],

(iv) setting p = 0 and o = r = q = 1, we get Chebyshev inequality for the Prabhakar fractional
integral operator defined in [13].

Remark 2.2. Applying Theorem 2.2 for B = 6, @ = A, we obtain theorem 2.1.
Remark 2.3. In (2.17) setting p = w = 0, we get the inequality (3.17) in [4].
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