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Abstract

This paper is dealed with a special local ring A and modules over A.
Some properties of modules, that are constructed over the real plural
algebra, are investigated. Moreover a module is constructed over the
linear algebra of matrix Mym(R) and one of its basis is found.

1 Introduction.

The structure of a field which has many simplicities in its operations, in fact is
a generalization of the system of real numbers R. The structure of a ring which
does not have some properties that a field has, is also a generalization of the
system of integers Z. For example, while all linear equations have solutions
according to both addition and multiplication in R or in a field, every linear
equation according to multiplication in Z or in a ring does not necessarily
have any solutions because of non-existence of inverse element. In the study
of vector spaces constructed over fields, certainly there are many simplicities
compared to the study of modules constructed over rings. Modules are more
general structures than vector spaces. For more detailed study on modules, we
refer to [1]. For the Algebra and Linear Algebra that will be used throughout
this paper, we refer to [4] and [5].

In this paper, we investigate some properties of modules constructed over
the real plural algebra A. We construct a module over the linear algebra of
matrix M, (R) and we find one of its basis. Furthermore, we give a theorem
that describes the linear independent vectors in a module constructed over a
local ring.
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2 Preliminaries.

In this section, we will recall some basic definitons and propositions from [2]
and [3].

Definition 1 ([2, Def. 1.1]). A real plural algebra of order m is a linear algebra
A on R having, as a vector space over R, a basis {1,77,172,773, e ,nm_l},
where n™ = 0.

A ring with identity element is called local if the set of its non-units form an
ideal. A module that is constructed over a local ring A is called an A—module.

Definition 2 ([3, Def. 1]). Let A be a local ring. Let M be a finitely gen-
erated A—module. Then M is an A—space of finite dimension if there exists
El,E27 s 7En in M with

i) M =AE, ® AE, @ ---® AE,

i) the map A — AE; defined by x — xE; is an isomorphism for 1 <i < n.

Definition 3 ([2, Def. 1.2]). By a system of projections A — R, it is meant a
system of mappings pr : A onto R, defined for k =0,1,--- ,m —1, as follows:

m—1

VBE A, B=> bin', pr(B) :=b.

i=0
Now we can introduce the following propositions without proof, from [2].

Proposition 4 ([2, Prop. 1.3]). An element ¢ € A is a unit if and only if
po(e) # 0.

Proposition 5 ([2, Prop. 1.5]). A is a local ring with the mazimal ideal nA.
The ideals 7 A, 1 < j < m, are all ideals in A.

3 Modules Constructed Over The Real Plural Algebra.

In this section, we examine some properties of modules constructed over the
real plural algebra A. First we give a theorem that tells us the relation between
units and zero divisors in A. Then we give a short proof of the isomorphism
between A and linear algebra of matrix K = M,,,,(R). After that we investi-
gate a basis for K and we construct a module over K and find one of its basis.
We give a theorem that describes the linear independent vectors in a module
constructed over a local ring. Finally we give a detailed proof of Remark 2
given in [3].
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Theorem 6. None of the units of A are zero divisors, namely for every

a,p e A;
m—1 ) m—1 ]
a:Zam’,ao#O and ﬂ:me’if&~B:O or B-a=0,
i=0 i=0

then B3 = 0. Also for1 <k <m—1 and a = apn*+ap1n* 4+ +ap,_1n™ !
ifa-B=0o0rpB-a=0,then g = bm_knm’k+bm_k+1nm’k+1+~ b ™ L

Proof. If « is a unit, then there is an inverse element a~! and since there is
an associative property in the real algebra;

a-B=0=aa-f)=a"t-0=p=0.

For 8- a =0, it is easily seen that 8 = 0 by similar calculations.

Now we show that for 1 <k <m-—1,a- -8 = (aknk +ak+177k+1 + e+
am,lnmfl)(bo + b177 + b2’f}2 + -+ bmflﬁmil) =0 = ﬁ = bmfk'l]mik +
bm7k+177m_k+1 et bmfl'r]"L_1~

First let k = 1, so we deal with o = a1+ asn®+- -+ am_17™"'. We have
a-B=(am+am?+---+am_1n™ 1) (bo+b1n+ban?+- -+ bp_1n™ 1) and

a-=0

= (a1bo)n + (arby + azbo)n® + (a1by + azby + asby)n®
4o (a1bp_o 4 aobym_3 + -+ Qp_oby F Qp_1bo)n™ !
+(a1bm—1 + a2bm—2 + - - + am—2b2 + ap—1b1)n™
+(agbm_1 + azby_o + -+ am_obs + apm_1ba)n™ !

+ -4 (am—lbm—l)ﬂ2m72

=0n+ ()772 o+ Onm*1 + ™ + Cm-&-lnerl R CQm—2772m72~

Here since n™ = 77"”‘1 =...= n2m—2 = 0, the coefficients ¢, g1, 5 Cam—2

need not to be zero. Forcing the coefficient of 1 to be zero, we obtain
aibp = 0, and since a; # 0, we find by = 0. Forcing the coefficient of n?
to be zero, we obtain aib; + asby = 0. If we put by = 0 in this equation
and use the fact that a; # 0, we obtain b; = 0. Forcing the coefficient of
773 to be zero, we get aibs + asb; + asby = 0. Putting by = by = 0 in this
equation and using a; # 0, we find b = 0. Carrying on this process, we
get by = 0 for 0 < k < m — 3. Finally forcing the coefficient of n™~! to
be zero, we get aiby,—o + asby—3 + -+ + am—2b1 + apm_1bp = 0. Putting
bp =b; = -+ = by_3 = 0 in this equation and using a; # 0, we find b,,,_o = 0.
If we put by = by = -+ = b3 = by—2 = 0 in the following equation, we have
(a1bm—1)n™ = 0. Since n™ = 0, then b,,—1 € R. Thus for &k = 1, we obtain
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a-B=(an+agn®+---+am 1™ ") (bo+bin+ben* 4+ bpn™ ) =
0= B = byuin™ .

Now let k = 2 so we deal with a = asn? +azn®+- -+ a,_1m™ L. We have
a-f=(a2n® +azn® + -+ am1n™ ) - (bo + b1+ ban? 4+ ban™ )
and

a-=0

= (agbo)n* + (azby + azbo)n® + (azby + azby + asbo)n*
4o+ (a2bm—a + asby_s + -+ + ap_sb1 + apm_2bo)n™ >
+(agbm—3 + a3bpm_g + -+ + @m_2by + ap_1bo)n™
+(agby—2 + azby—3 + -+ + am_2b2 + am_1b1)n™
+(agbm—1 + azbpm—2 + -+ + ap_2b3 + am71b2)7lm+1

4+ 4 (amflbmfl)n2m72

=0n+ ()772 S ()nm*1 + ™ + Cm+177m+1 R sz—2772m72~

Here since ™ = n™+! = ... = n?m=2 = (), the coefficients c,,, Cm+41s" " 5 C2m—2
need not be zero. Forcing the coefficient of n? to be zero, we obtain asby = 0
and since ay # 0, we find by = 0. Forcing the coefficient of n® to be zero,
we obtain asb; + azbg = 0. If we use by = 0 in this equation and use the
fact that as # 0, we obtain b; = 0. Forcing the coefficient of n* to be zero,
we get asbs + asby + agbg = 0. If we put by = by = 0 in this equation and
use as # 0, we obtain by = 0. Continuing on this process, we get by = 0 for

0<k<m-—3.If weput by =b; = --- = b;,—3 = 0 in the coeflicient of ™,
we have (agb,,—2)n™ = 0. Since ™ = 0, we find b,,_2 € R. Similarly if we
put bg = by = --- = b,,_3 = 0 and b,,,_o € R, in the coefficient of n™*!, we

get (agby—1 + agby o)™t = 0. Since n™*! = 0, we have b,,_; € R. Thus
for k =2, we find - 8 = (aan® + azn® + -+ + am_1m™ 1) - (bg + b1m + ban? +
e bm—lnmil) =0=03= bm—277m72 + bm—lnmil-

Finally we generalize this process for k. Let a = apn® + appin*1 + - +
am,mmfl. Then we have

B = (arn"+ar1n T+t amo1n™ ) (bo+bin+ban® 4+ - +by_1n™ 1)
and

a-f=0
= (akbo)nk -+ (akbl —+ ak+1bo)77k+1 + (aka + ak+1b1 + ak+2b0)nk+2
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+ o+ (kb (k41) + Qhp1bm—(kr2) + 0+ Qmo1bo)n™ T
H(arbm—r + apg1bp— (1) + -+ Am2b2 + ap_1b1)n™
+(arbm—(k—1) + Qs 1bm—k + +* + Am—2b3 + Qm_1b2)n™
4 (@1 b 1),

— 0,'7 4 0,172 4 On’m—l 4 cmnnt 4 Cm+1’l’]7”+1 Lt 02m72772m—2.
Here since n™ = an =...= nszz = 0, the coefficients ¢,,, Ci+1, -+, Cam—2
need not be zero. Forcing the coeflicient of nk to be zero, we obtain agby = 0
and since ay, # 0, we find by = 0. Forcing the coefficient of n*** to be zero, we
obtain axb; + ag1bp = 0. If we put by = 0 in this equation and use ay # 0,
we obtain b; = 0. Forcing the coefficient of n**2 to be zero, we get apbs +
Gk+101 4+ ak42bp = 0. If we use bg = by = 0 in this last equation and use ay, # 0,
we obtain by = 0. Carrying on this process, we can easily find bg = by =--- =
bm—(k4+1) = 0 by forcing the coefficients of n*, nF+1 nk+2 ... pm=1 to be zero.
Now if we put bg = b1 = - -+ = by, (r+1) = 0 in the coefficient of ™, we obtain
(agbm—r)n™ = 0. Since ™ = 0, we have b,,_; € R. By similar calculations,
if we use bg = by = -+ = bpy_(x+1) = 0 and by, € R in the coefficient of
n™*1 we obtain (arbp— -1y + A 1bm_1)n™ T = 0. Since n™ ! = 0, we get
by—(k—1) € R. Carrying on this process by using n™ = = =2 =
0 we can easily find by, —k, by—(k—1)s bm—(k—-2)> "+ ,bm—1 € R. Thus for a =
apn® +app1 T 4 amon™ and B = bo+ b1+ ban? + -4 by o™,
a-fB =0 implies B = by k0™ * + by 1™ 4 F by ™ O

Let A be a real plural algebra having a basis {1, n,n%,n3, - ,nm_l} with
n™ = 0. Let K = M, (R) be the linear algebra of matrix of the form

bop b1 - bma
0 by - bps
0 oo o by

where b; € R for 0 <i <m — 1. In [2] it is stated that without proof the map
f: A — K which is given as

f(a)z(aij):{ aij =0, j<i

Qi = Qj—j j > 1.

m—1 .

for every @ = > a;n* € A is isomorphism. Here we give the short proof of
i=0

this proposition.
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Proposition 7. The ring A is isomorphic to the linear algebra of matriz K
of the form:

bp b1 0 by
0 by - bps
0 - o b

Proof. The map f : A — K is defined in the following way: For every a =

m—1

ZamiGA,
i=0
ooy Jag=0 , j<i
f(Oé) - (aw) - { aij = Qj_; , j>1.
apg ai az -+ QAm-1
0 a a1 -+ @m-2
Then f(a)= | 0 0 do = dmes
o o o0 -- ag

Now for the considered mapping f, it is easily seen that f is one to one,
onto and for every a = ag +ain+asn? + -+ apm_1n™ ! and B = by + bin +
bon? + . -+ by_1n™ ' € A and for every c € R

fla+ )= f(e) + f(B) and f(ca)=cf(a).

Now we show the multiplication are preserved under this map. For every «,
B e A, a B = (aohy)+ (aobr +a1bo)n+ (aogbs+aibi +asbo)n*+. - - -+ (agbm—_1+
a1by_o + -+ am_1bo)n™ 1. Then we obtain

apbg  aoby +aiby -+ agbm—1 +atbm_o+ -+ am-_1bo
0 aopbg <+ agbm—2 +ai1by_3 4+ - 4 am_2bo
flaB) = 0 0 o agbp—3 + a1by—o + -+ + am—3bo
0 0 ce aobo
and by using multiplication of matrices, we get
ap aip az -+ Am-1 bp by by - by
0 ag a; - Qo —2 0 b() b1 e bm,Q
f(a . 5) — 0 0 ap - Am—3 0 0 bo e bm,gg
o o o --- aop 0O 0 0 --- bo
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O

Now we investigate one of the basis of K. If we take any element of K
such that

bp b1 b2 -+ by
0 by b -+ bmo
B=| 0 0 b - bus |cEK,
o o o0 --- bo
we can write it as follows:
o b1 b2 o by 00 -+ 0
0 by by -+ bp_o 010 -~ 0
B 0 0 by -+ bp_s — by 0 01 0
o 0 o0 - bo 0o 00 - 1
010 0 0 0 0 1
0 01 0 0 0O 0
+bq 0 0 O 0 4+ o+ bm1 0 0 O 0
R 1 : 0
0 0 O 0 0 0 O 0
Here if we put
1 0 0 0
010 0 o
, 0 0 1 0 1, i=g
no = (ai;) = L . where a”—{ 0. it
0 0 O 1
mXm
010 0
0 0 1 0
1, j=i+1
m=(ay)=1] 0 0 0 0 vvhelream—{o7 Ptit1
: 1
0 0 O 0
mXm
0 01 0
0 0 O 0
1, j=i+2
m=1(aj)={ 0 0 o 1 Whereai]‘:{o’ jAI+2
: 0
0 0 O 0

mxXm
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o O

Nm—1 = (aij) =

0

o

0

0

o O O

0

where a;; = {

L,
0,

j=i+(m—1)
j#i+(m—1)

then it is seen that B = bgng + bin1 + bang + « -+ + byy—1Mm—1 and also lin-
,Mm—1} is obvious. Thus the set

ear independence of the set {19 n1,7n2," -
,Mm—1} is a basis of K. We can express any element of this set

{n0,1m1,m2, -
in general as follows:

For 0 <i,j5,k <m —1, nx = (aij)mxm wWhere a;; = {

Also if we take

o O

o

0

0

0

o o O

O =

L,
0,

j=i+k
jAi+k

we see that 1, = n® for every n, where 1 < k < m — 1. For example

0

o

0

o o

0

o o o

o O O+

0
0

o O

=T2-

o= O OO

Now we construct a module M over the linear algebra of matrix K, then
we will find one of the basis of it.

Proposition 8. M = R]" is a module over the linear algebra of matriz K.

Then the following set is a basis of K—module M.
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000 --- 0 0 0 O 0

000 --- 0 0 0O 0
El: . . . . . ;E2: . 1]

100 --- 0 010 0

o o000 --- 0 0 0 O 0

o 00 - 0 0 0 O 0
E3: . . . . . 7"’7En: . .

0 01 0--- O 0 0 O 1

Proof. Linear independence of this set is obvious. Moreover for every X € M,
X can be written as follows:

r11 12 ri3 - Tin
T21  T22  T23 - T2
X =
Tml Tm2 Tm3 °° Tmn
Tml T(n-1)1 - T11 000 -+ 0
0 Tm1 cee oy 000 --- 0
B : 0 K : Do e
0 0 xm 100 -+ 0
Tm2 T(m-1)2 °°  T12 000 - 0
0 Tm2 te T22 o0 o0 --- 0
+
: 0 i : oo o
0 0 ZTme 010 --- 0
Tmn  Tim=1)n " Tin 0O o0 0 --- 0
0 Tomn R 0 00 --- 0
: 0 . : oo .o
0 0 Zmn 000 --- 1
Thus [E1, Es, - -+ , E,] = M. Consequently, the set {E1, Ea, -+, E,} is a basis
of K—module M. O
For some ay,as,--- ,a, € R, we write
0 0 O 0
0 0 O 0
arby +asEy + - -+ an By = 0
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So if M is thought as a vector space over R, it is seen that

[E13E27"' 7En] = PO
0 0 O 0
0 0 0 0
- a;ER1<i<n
: 0
a; a2 agz - QAnp

Thus {E1, Es,--- , E,} can not be a basis for module M over R. However if
we take the system of generators B = {IEy,[FEa,--- ,1E,,nE1,nEa2, -+ ,nE,,
W E1,n?Ey, -+ ,n?Ep, -+ ,n" B, Ey -« .p™T1E,}, B is obviously a
basis of the module M over R. Consequently M is an mn-dimensional vector
space over R.

From Proposition 8 we have seen that for every X = (z;;) € R}, X can
be written as follows:

i1 T2 13 o Tin Iml L(m-1)1 - L1l
T21 T2 T23 . T2n 0 Tmi e X21
X = =
0
Tm1 Tm2 Tm3 T Tmn 0 e 0 Tm1
ITm2 L(m-1)2 "~  L12
0 Tm2 crr T
+ Ey +
: 0
0 - 0 Zmo
Tmn I(m—l)n e Tin
0 Tmn e Ton
+ E,.
: 0 . :
0 et 0 Tmn

Here by using

Tmk  T(m-1)k -~  Tik

0 Tk 0 T2k
0 = TmkN0 + T(m-1)kT + -+ T1kNm—-1,

0 0 Zyk

X also can be expressed as follows:
X = (Zm1M0 + Tm—1)1M + -+ T110m—1) E1 + (Tmano + T(m_1)2m + - +
x1277m—1)E2 + -+ (l‘mn??O + J/’(m71)n771 + -+ xlnnm—l)En-

By
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The set M = R is a vector space over the field R. If m # n for the
matrices A,,x, and B,,x, multiplication is not defined but if m = n then M
is an associative algebra with identity. Furthermore if we use a commutative
ring with identity then M = R]" is a module over the ring R. Multiplication
is defined when m = n, so the operation is associative and it has unity.

Theorem 9. Let A be a local ring with a mazimal ideal J and M = A™. Then
for uy,ug, -+ ,up € A\ J and x;; € J, there are linearly independent vectors
such that oy = (u1, 21,731, ,Tn1), 2 = (T12, U2, T32," "+ , Tpn2), a3 = (T13,
T23, U3, " ,ﬂlf/n3)7 O = (mlk;z2k,x3k7"' y Uky L(k4-1)ks """ 7xnk)7 and for
k =mn, the set {a1,a9, -+ ,a,} is a basis for M.

Proof. First let k = 1 so we deal with only o = (u1, 21,231, - ,Zn1) € M.
For a; € 147 let a1y = 0 = a1 = (alul,alxgl,a1x31,~-~ ,a1$n1) =

(0,0,0,---,0), then from the equality of first components, we get aju; = 0.

Since u; is a unit, we obtain a; = 0. Thus the vector «; is linearly independent.
Let &k = 2 so we deal with

a1 = (U1, T21, %31, ,Tn1) and s = (T12, U2, T32, -+ , Tn2).
Then for a1,a2 € A, let

ajon +agas = 0= ay(ur, 21,231, - ,Tn1) + a2(T12, U2, T32, - , Tn2)
= (070,0,-~-7O).

From the equality of first two components, we get aju; + asxi12 = 0, a1xo +
asus = 0. If we compose these equations, we obtain

ayp = —agxlgufl (1)

and
as(ug — T19uy ' w21) = 0 (2)

Since ug € A\ J and 1'12’[1,1_11'21 € J, we have us — zlgul_lxgl € A\ J, so we
find as = 0 from the equation (2). If we put az = 0 in equation (1), we get
a1 = 0. Thus the vectors a1 and as are linearly independent.

Finally to understand the process, let & = 3 so we have deal with a1 = (ug,
T21,T31, " ,$n1), Qg = (3312,U2,$32, te ,JJnQ), a3 = ($13,$237U37"' ,$n3) S
M. Let a1aq + asas + azaz = 0. From the equality of first three components,
we obtain the following equations:

—
w
=

aiuy + asri2 +azzriz = 0

—~
>~
~—

a1T91 + A2Ug + 323 =

—
ot
~

1231 + 42232 + azug =
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We get
a; = —(agxlg + agl‘lg)ufl (6)

from equation (3). Then if we put a; in equation (4), we obtain CLQ(*I12U1_11'21+
'LLQ) + ag(—l'lgufll'zl + (E23) =0.

Since xlguflxm € Jand us € A\ J, we get xlguflxgl +ug € A\ J from
which we obtain

as = az(z13uy "To1 — Ta3)(—T12u] "Ta1 + uz) . (7)
Now if we put a1 and as in equation (5) and compose the equations we get

-1 -1 -1 -1
($23 — 13Uy $21)(U2 — T12Uy le)x12U1 31 — T13U; T31 -0

a _ _ _
8 +(z13u; L9 — Ta3) (U2 — T12U] 131321) Yrgs 4 us

Since (293 —213u; *Ta1)(Us — 19Uy ‘a1 )T10u] '3y —w13uy tesy +(T13uy ey —
xo3)(ug — xlguflxgl)_lxgg +uz € A\ J, we obtain a3 = 0. By using a3 = 0
in equations (6) and (7), we get az = 0 and a; = 0. Thus the vectors ay, as
and ag are linearly independent.

For a positive integer k, we have

a1 = (U1,9€217$31, e 7$n1)7042 = (331277«&2,1532,"' ,l‘n2)7

a3 = ($13,$23,U37"' 7:1;77,3);"' , O = ($1k7m2k7"' y Uky* ot 7:1:7’7,/(7)'

k
Let > a;a; = 0. Then from the equality of first & components to zero, we
i=1
get exactly k equations. By similar calculations, we obtain all a;’s to be zero.
Thus the set {1, aq, ..., ax} is linearly independent. O

Finally we express Remark 2 from [3] as a proposition and we give detailed
proof of this proposition.

Proposition 10. An A—module M over a local ring A is an A—space if and
only if it is a free finitely dimensional module.

Proof. Let M be a free module over A with a basis {E1, Es, -+, E,}. Now we
will show that the A—module M is an A—space. For every g € M, 8 can be
written as

Let 8 € Y  AE; N AE;. Then we can write
i7j

B =a1F1+asEy +---+ (ljflEjfl + aj+1Ej+1 + -4 a B, = (lej.
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So we get a1 F1 +asFo+ -+ ajflEjfl — ajEj + aj+1Ej+1 +---+a,FE, =0.
Here for 1 < ¢ < n, all a;’s must be zero because of the linearly independence
of the vectors 1, Fs,- - , E,. Thus f must be zero. Then since the following
conditions are satisfied:

i) M=AFE,+AFE,+---+ AE,
i) STAE; N AE; ={0}.
i#]
We can say M = AF, & AE; & --- ® AFE,. Now we show that for 1 <i <mn,
all functions f; : A — AFE; are isomorphisms. For every X,Y € A,

i X+Y)=(X+Y)E;,=XE, +YE; = f;(X)+ fi,(YV)
and also for every X € A and for every A € R,
fiAX) = (AX)E; = M(XE;) = Mfi(X).

So each f; preserves the operations. Let f;(X) = f;(Y) for some X,Y € A. So
we get X F; = YE; and hence (X —Y)E; = 0. By using the linear independence
of the vectors E; for 1 <i <n,

X —-Y =0 and hence X =Y

is obtained. Thus for 1 < i < n, every f; is one-to-one. For every XFE; € AF;,
there is obviously an X € A such that f(X) = XE;. Thus for 1 < i < n,
every f; is onto.

Conversely let M be a finite dimensional A—space over the local ring A.
Now we show that M is a finite dimensional free module. Since M is an
A—space, there are the vectors F1, Es, - , E,, and they form a finite basis of
M. So M is a finite dimensional free module. O
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