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Abstract: The main interest of the present paper is to classify the almost cosymplectic 3-manifolds that satisfy
llgradA|| = const.(# 0 ) and 7¢h = 2ah.
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1. Preliminaries

Let M be an almost contact metric manifold and let (¢,£,7,g) be its almost contact metric structure. Thus
M is a (2n + 1)-dimensional differentiable manifold and ¢ is a (1,1) tensor field, £ is a vector field, and 7 is
a 1-form on M, such that

P*X = —X+n(X)E n(X)=g(X,¢) (1)
(b(g) = 0, 770¢:07 (2)
9(@X,0Y) = g(X,Y)—n(X)n(Y), (3)

for any vector fields X,Y on M.
The fundamental 2-form & of an almost contact metric manifold (M, ¢,&,n, g) is defined by

(I)(X, Y) :g(Xa d)Y)’ (4)

for any vector fields X,Y on M, and this form satisfies n A ®™ #£ 0. M is said to be almost cosymplectic if
the forms n and ® are closed, that is, dp =0 and d® = 0.

The theory of an almost cosymplectic manifold was introduced by Goldberg and Yano in [9]. The products
of almost Kaehler manifolds and the real R line or the circle S! are the simplest examples of almost cosymplectic

manifolds. Topological and geometrical properties of almost cosymplectic manifolds have been studied by many
mathematicians (see [4], [11], [5], [9], [15], and [18]).

For M, define (1,1)-tensor fields A and h by ([7],[8],[15],[16])

AX=-vx§, ()
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1
h=5Led, (6)

where £ indicates the Lie differentiation operator and <7 is the Levi-Civita connection determined by g. The
tensors A and h are related by

h=A¢ A =o¢h. (7)
The main algebraic properties of A and h are the following:
JAXY)=g(AY,X), Ap+¢A =0, AE=0, noA =0,

g(hX,Y) = g(hY,X), ho¢+¢h=0, hA +Ah=0, hé=0, noh=0.

The curvature tensor R of M is given by R(X,Y)Z = [Vx,Vy|Z — V|xy}Z and the Ricci tensor Ric
of M are defined by Ric(X,Y)=TrX — R(X,Y)Z for any vector field X,Y and Z.
In [6], Dacko and Olszak proved the existence of a new class of almost cosymplectic manifolds, which is

called (&, u,v)-spaces. This means that the curvature tensor R satisfies the condition

R(X,Y)E = rn(Y)X —n(X)Y) +p(n(Y)hX —n(X)hY) (8)
+u(n(Y)phX —n(X)ohY),

where k, u, v are smooth functions. Contact metric manifolds fulfilling Eq. (8) were investigated in [2], [1], [3],
and [12].

This work was inspired by [14] and [13]. We carry on those studies to the 3-dimensional almost
cosymplectic manifolds in this paper. The purpose of the present paper is to give a new local classification of
3-dimensional almost cosymplectic manifolds under some conditions. The paper is organized in the following
way. Section 2 is devoted to some lemmas related to 3-dimensional almost cosymplectic manifolds for later
use. In Section 3, we give our main theorem.

All manifolds considered in this paper are assumed to be connected and of class C'*°.

2. Three-dimensional almost cosymplectic manifolds

Now we shall give some essential Lemmas and notations.

Lemma 2.1 [10] Let M be a smooth manifold f : M — R be a smooth real function. Let Vi and V2 be open
sets of M defined by

Vi = {meM|f(m)+#0 in a neighborhood of m},
Va {m € M | f(m) =0 in a neighborhood of m}.

Then ViU Vy is open and dense in M.

Let (M, ¢$,£,m,g) be an almost cosymplectic 3-manifold. Let

U {p € M | h(p) # 0 in a neighborhood of p} C M,
Up = {pe€ M]|h(p) =0 in a neighborhood of p} C M
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be open sets of M. Using Lemma 2.1, we can say that U U Uy is an open and dense subset of M, and so any
property satisfied in Uy U U is also satisfied in M . For any point p € U U Uy, there exists a local orthonormal
basis {e, ge, £} of smooth eigenvectors of h in a neighborhood of p (this we call a ¢-basis).

On U, we put he = Xe, hgpe = —Ape, where ) is a nonvanishing smooth function assumed to be positive.

Lemma 2.2 [17] On the open set U we have

Vee = —age, Vee=boe, Vgee = —coe + A€, (9)
Vege = ae, Vepe = —be + A€, Vsepe = ce, (10)
Ve = 0, Vel = —Ape, Vg€ = e, (11)
Veh = 2ahd +&(N)s, (12)

where a is a smooth function,

b= %((qbe)(/\) +A) with A= o(c) = Ric(e,£), (13)
c = %(e()\) + B) with B = o(¢e) = Ric(pe,§), (14)

and s is the type (1,1) tensor field defined by s§ =0, se =e, and spe = —pe, and Ric is Ricci tensor field.

By Lemma 2.2, we can prove that

le,pe] = Vepe — Vyee = —be + coe, (15)
[675] = Veg - vfe = (a - )\)d)@, (16)
[0e,&] = Vgl — Vege = —(a+ Ne. (17)

If we adapt Theorem 7 of [17] to a 3-dimensional almost cosymplectic manifolds, we get the following:

Lemma 2.3 [17] Let (M,¢,&,m,9) be a 3-dimensional almost cosymplectic manifold. If o = 0, then the
(K, b, V) -structure always exists on every open and dense subset of M. This means that the Riemannian

curvature tensor R of M satisfies
RIX,Y)E = —N(nY)X —n(X)Y)
+2a(n(Y)hX — n(X)LY)

N v )onx —n(x)ony),

for all vector fields X and' Y on M.

3. Main theorem and proof

In this section, we will give our main theorem and prove it.

Theorem 3.1 (Main theorem) Let M(¢,&,1n,g) be a 3-dimensional almost cosymplectic manifold with ||grad \|| =
1 and V¢h = 2ah¢. Then at any point p € M there exists a chart (U, (z,y,z)) such that A = f(z) # 0 and
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A=0, B=F(y,z) or A= F(y,z), B=0. In the first case (A = Ric(e,&) =0, B = Ric(¢e,&) = F(y, z)),
the following are valid:
0 0 0 0 0]

&= pe=— ande=ki— +ko— + ks—
Ay

k .
Oz Oy 0z ® 70

In the second case (A = Ric(e, &) = F(y,z), B = Ric(gpe,&) =0), the following are valid:

0 0 , 0 , 0 , 0 ,
= — = — et J— JE— ki
¢ 50 € a9 and ¢e 13x+k28y+ 35, 7 k5 # 0,
where

kl(xayaz) = T(Z) = kll(xvyaz)a

bl 02) = ki, 2) = 20 (2) - SEEELE 1 (),
k3(m7y,z):k§(x,y7z)zt(z)—|—5, 8£[a(zy/72):F(y,Z)7

and 1,8 are smooth functions of z and & is constant. Furthermore, f(z)= [ ﬁ(z)dz .

Proof. By virtue of Lemma 2.2, it can be easily proven that the assumption V¢h = 2ah¢ is equivalent to

&(X) = 0. From the definition of a gradient of a differentiable function, we get

grad\ e(Ne+ (pe)(N)pe + E(N)E

= e(Ne+ (ge)(A)ge. (18)

Using Eq. (18) and ||grad A|| =1 we have

(e(N)? + ((e)(1))* = 1. (19)

Differentiating (19) with respect to £ and using Eqgs. (16) and (17) and £(\) = 0, we obtain

§le(A)e(A) +&((¢e) (V) (ge)(A) = 0
(& el (V) e(A) + ([& ¢e] (M) (¢e)A = 0
Ae(A)(ge)(A) = 0
and since A # 0,
e(A)(ge)(A) = 0. (20)
To study this system, we consider the open subsets of U:
U = {peU]le)(p)#0, in a neighborhood of p},
U" = {peU|(ge)(\)p #0,in a neighborhood of p} .

From Lemma 2.1 we have that U’ UU” is open and dense in the closure of U. We distinguish 2 cases.

887



ERKEN and MURATHAN /Turk J Math

Case 1: We suppose that p € U’. By virtue of Egs. (19) and (20), we have (¢e)(A) =0, and e(\) = F1.
Changing to the basis (£, —e, —¢e) if necessary, we can assume that e(\) = 1. The Eqs. (15), (16), (17), and
(13), Eq. (14) reduces to

[e,pe] = —be+ coe (21)
6] = —2Ape (22)
[¢e,§] = 0, A=-—a (23)

A B+1
b= 2A7 :Tu :_)‘7 (24)

respectively.

Since [¢e, &] = 0, the distribution that is spanned by ¢e and ¢ is integrable, and so for any p € U’ there
exists a chart {V', (z,y,2)} at p, such that

0 0 0 0 0
= — = ) = k - k - k‘ ~ 25

¢ ge oy ¢ 18x+ 28y+ 20z (25)
where k1, ko, k3 are smooth functions on V. Since £, e, ¢e are linearly independent we have k3 # 0 at any
point of V.

Using Egs. (21), (22) and (25), we get the following partial differential equations:

Ok, A Oko 1 Oks A

—_— = — — = —[Ak,— B -1 —_— = 2
ay 2 1 ay 2)\[ k? ] ) ay 2)\k37 ( 6)
0k, Oko Oks
— = — =2 — =0. 2
Ox 0 Ox A Ox 0 (27)
Moreover, we know that
o\ oA
g 0. 2
9c =" gy " (28)

Oks __
= =

Differentiating the equation 7 0 with respect to a% , and using %—123 = %kg, we find

ks ks 10A 1 Oky 1 0A

C Oydx  Oxdy 2\ Oz o or 2\ 0z

So,
0A

Differentiating % = 2\ with respect to 6% , and using %—’;2 = 5= [Aky — B — 1] and Eq. (29), we prove that

0%ksy 0%ky 1 [0A oky OB
— 2 =0= = — | —ko+A—— —]|.
0yox Ooxdy 2\ | Ox or ox
So,
0B
— =2)\A.
o A (30)
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From Eq. (28) we have the following solution:

where d is constant. For the sake of shortness, we will use f(z) instead of f(z) + d.

kl% + kg%;\ + kg% =1 and Eq. (28), we get

oA 1
E_E7 k37é0

If we differentiate Eq. (32) with respect to 3% because of the equation g—;‘

N N 1 0k

- 020y  Oydz ki Oy’

Since k3 # 0, Eq. (33) reduces and then we obtain

Ohy _
dy

Combining Eqs. (26) and (34), we deduced that

A=0.
Using Egs. (30) and (35), we have
0B
Z o
Ox
It follows from Eq. (36) that
B =F(y,z).

By virtue of Egs. (35) , (26), and (27), we easily see that

where r(z) is an integration function.

Combining Egs. (27) and (34), we get

where § is constant.
If we use Egs. (27), (31), (35), and (37) in Eq. (26),

It follows from this last partial differential equation that

Hly,2) +y)

ko =2z f(z) — 27(2)

= (0, we obtain

(31)

Using e(\) =

(32)
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where
0H(y,2)

Dy = F(y, 2). (42)

Because of Eq. (32), there is a relation between A(z) = f(2) and kz(z) such that f(z) = [ ﬁ(z)dz. We
ol

will calculate the tensor fields 7, ¢, g with respect to the basis %, a%, 5, - For the components g;; of the

Riemannian metric g, using Eq. (25) we have

—k
gin = 1, g=1 gi2=921=0, gi3=g3= k31>
-  —ks 1+ kP4 k3
g23 = g32= 7]@3 ) 933 = 7@ .
The components of the tensor field ¢ are immediate consequences of
0 0 0 0 0
= —) = —)=—ki1— —ko— — ks—
0 kike O 1+k3 0 0
)y = 1™ — + ko—.
(b(@z) ks Oz ks Oy + 202

The expression of the 1-form 7 immediately follows from 7(§) = 1,7n(e) = n(¢pe) = 0.

k1
n=dr— k—sdz.
Now we calculate the components of tensor field h with respect to the basis %, 6%7 %.
0 0 0
©) = h(G) =0 h(50)=—Ag
0 ki O ko O 0
hM(=—) = A——+22—— —.
(az) Ak38x+ >\]€3 8y+)\82

Case 2: Now we suppose that p € U . As in Case 1, we can assume that (¢e)(A) = 1. The Egs. (15),
(16) ,(17), and (13), Eq. (14) reduces to

[67 ¢€] = —be+ C¢€, (43)

le.€] = 0, (44)

[¢e7€] = _2A67 (45)
A+1 B

b:T’ €= oy a= A, (46)

respectively. Because of Eq. (44), we find that there exists a chart {V’' (z,y,2)} at p € U" such that

_9 w9 90,9 0
&= ¢6_k13x+k23y+k382’ 6_63/’

)
xr
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where k7, k5, and k% (k5 # 0), are smooth functions on V.

Using Eqgs.(43), (45), and (47), we get the following partial differential equations:

Ok} B, Ok, 1 , Ok} B
=_—Fk, =2=_|[Bk,-A-1 =— 4
oy 22V oy 2)\[ 2 E dy — 2A¥ (48)
Ok} Ok, ok}
= = 2 - .
Ox 0 Ox A Ox 0
Moreover, we know that
o\ oA
2 = 0. 4
5 O’ay 0 (49)

As in Case 1, if we solve the partial differential equations Eq. (48) and Eq. (49), then we find

B=0, A=F'(y,2) (50)

where d’ and §’ are constants.
By the help of Eq. (51), the equation (¢e)(A) =1 implies

1

Az) = F(z) = / AR

As in Casel, we can directly calculate the tensor fields g, ¢, n, and h with respect to the basis a%’ o 9

By’ 9z
10 _% 0 K Kk
k 2/
g = 0 1 7]672 3 (b = 0 ké —1-‘};’,622 3
K, Ky,  1+kPRHER i Y
“HoE T 0 ks —h
kL
" 00 AR
n = de——dz and h =] g )\ —oxk
A k%
00 =X
]
Example 3.2

M= {(.’L’,y,Z) € R37Z 7é O}
and the vector fields

0 0 0
- -2 =L Qe -1+ L.
¢ oz © , ge Zax+( e )8y+3z
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The 1-form n = dx — zdz is closed and the characteristic vector field is £ = %. Let g, ¢ be the

Riemannian metric and the (1,1)-tensor field given by

1 0 —aq 0 al a1as
g = 0 1 as 6 =1 0 —ay —(1+4dd) |,
—a1 ay 1+ a% + (0,2)2 0 1 as
0 0 —/\G,l
h = 0 A 2Xas , A=z,
0 0 =X

: . 0 90 0 .
with respect to the basis -, By Dz where a1 =z and as =1 —2zxz

n = dr—zdz, dn=0,
= —dyNdz, d®=0.

By a straightforward calculation, we obtain

Veh = 2zh¢, F(y, 2) = —1, |[grad Al| = 1.

Remark 3.3 Let M($,€,1n,9) be an almost cosymplectic manifold. A D, -homothetic transformation [19] is

the transformation
_ s 1 - _
n=an, £=-& ¢=¢, g=agtala—1pmen (54)

of the structure tensors, where o is a positive constant. It is well known [19] that M(¢,&,7,g) is also an almost
cosymplectic manifold. When 2 contact structures (¢,€,m,9) and (¢,€,7,3) are related by Eq. (54) , we will
say that they are D, -homothetic. We can easily show that h = éh 50 A= é/\.

(a) As a result, an almost cosymplectic manifold with ||grad A||, = d # 0 (const.) is Dq -deformed in
another almost cosymplectic manifold with ngadj\Hg =da~3 and choosing o = dg, it 1s enough to study those

almost cosymplectic manifolds with ||grad A|| = 1.

(b) If d =0, then X\ is constant. As a result, if A =0, then M is a cosymplectic manifold.

Remark 3.4 There are no compact 3-dimensional almost cosymplectic manifolds with ||grad || = const # 0.
In fact, if such a manifold is compact, then the smooth function \ will attain a mazimum value at some point

p of M. Then grad X\ wvanishes at p, contrary to the requirement that grad A is a nonzero constant.

Remark 3.5 Using Theorem 3.1, we can produce infinitely many possible examples about 3-dimensional almost
cosymplectic manifolds. If we add the condition F(y,z) =0 to Theorem 3.1, we have A =0 and B = 0. Thus,
by Lemma 2.3, we can state that a 3-dimensional almost cosymplectic manifold under the same conditions of

Theorem 3.1 is a 3-dimensional almost cosymplectic (k,u) manifold.

Now we will give an example satisfying Remark 3.5.
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Example 3.6 We consider the 3-dimensional manifold
M = {(z,y,2) € R* | 2 > 0}

and the vector fields
IRV T BTN )
&= o’ (be_@y’ €= 8x+(2x2 2z )ay 0z’

The 1-form n = dx — z2dz s closed and the characteristic vector field is & = %. Let g, ¢ be the Riemannian

metric and the (1,1)-tensor field given by

10 -z 0 —ap @22
_ 0 1 — a2 _ 1Jra2
b) - 0 - 2 b
g a as 1+afa—ia§ Qb a2 as
_a _a ag 0 —as as
0 0 Am
aq a3
n = der——dz, and h =| 0 =X\ 2)\£
a3 0 0 A

with respect to the basis 8%, 8%,%, where a1 = 2%, ay = 202 — Z;;y, az=1, =12z .

de — 2%dz, dn=0,
dyNdz, d®=0.

=
I

By direct computations, we get
llgrad A\|| =1,Veh = —2zh¢ , F(y,z) =0

and

R(X,Y)¢ = (=2*)(n(Y)X = n(X)Y) — 22(n(Y)hX — n(X)hY)
for any vector field X, Y on M.
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