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GENERALIZED INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS

M. EMIN OZDEMIR AND ALPER EKINCI

(Communicated by S. Varosanec)

Abstract. In this paper, we prove some general inequalities for convex functions and give Os-
trowski, Hadamard and Simpson type results for a special case of these inequalities.

1. Introduction

The function f : [a,b] — R, is said to be convex, if we have

flx+(1—0)y) <tf (x)+(1—1)f(y)

for all x,y € [a,b] and ¢ € [0, 1]. For more information see the papers [3], [1], [2].
Let f:I CR — R be aconvex function and let a,b € I, with a < b. The following
double inequality:

G e e

is known in the literature as Hadamard’s inequality.
In 1928 Ostrowski proved the following famous inequality:

THEOREM 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) and its derivative f': (a,b) — R be bounded on (a,b), that is, ||f||.. :=

sup |f’ (x)| < co. Then for any x € |a,b], the following inequality holds:
t€(a.b)

b o atb)?
105 [roa) < [+ 2 ool 7).

The inequality is sharp in the sense that the constant 1/4 cannot be replaced by a
smaller one. In the rest of this section we list known results which we will generalize
in the following section.

Sarikaya et al. obtained following Simpson type inequalities in [5].

Mathematics subject classification (2010): 26D15, 26D10.
Keywords and phrases: Convex functions, Hermite-Hadamard inequality, Simpson’s inequality,
power-mean inequality, Ostrowski’s inequality; Holder’s inequality.
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THEOREM 2. Let f:1 CR — R be a differential mapping on 1° such that f' €
Ly [a,b], where a,b € I with a < b. If |f| is convex on [a,D], then the following in-
equality holds:

b
s [ (52) v o) - 51, e <2222 @l o).
(1

THEOREM 3. Let f:1° CR — R be a differential mapping on I° such that f' €
Ly |a,b], where a,b €1 with a<b. If |f'|7 is convexon |a,b], g > 1, then the following
inequality holds:

1[f(a)+4f<a;b)+f(b)]_bia/bf(“)d“ 2)

<

(b—a) it [ 6117 (B +29]f ()] 7
7 ) ,,{[ 18 }

611/ (a)|+29]f (b)|"] 7
Jarerssror)

Estimation for the difference between the middle and the leftmost term in the
Hadamard inequality was proved by Kirmaci in [8].

THEOREM 4. Let f:1° — R be a differential mapping on 1I°, a,b € I° with a < b.
If |f'] is convex on [a,b], then we have

ﬁjf(’“)dx‘f(a;b> <b1a<f’(a)42r|f’(b)>_ )

Similarly, bound for the difference between the middle and the right most term in
the Hadamard inequality was considered by Dragomir and Agarwal in [7] and has the
following forms.

THEOREM 5. Let f:1° CR — R be a differential mapping on I°, a,b € I° with
a<b. If |f'| is convex on [a,b), then the following inequality holds:

b
fla)+f(b) 1
2 [ fax @
(b-a)

<
8

[[£ (@] +[7'®)]]-
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THEOREM 6. Let f:1° CR — R be a differential mapping on I°, a,b € I° with

a < b andlet p > 1. If the new mapping |f’|p/(p_1) is convex on [a,b], then the fol-
lowing inequality holds:

b
HALI®) L[ 5
< (b—a) \f/(a)|p/1”1_|_|f/(b)‘17/p71 (r=1)/p
h 2(p+1)1/p ) .

In this paper we give inequalities involving m harmonic polynomials and a func-
. q .
tion f such that ’ f(")’ is convex for some g > 1 and n € N. After each general
inequality we obtain a result related to particular case n = 1, m = 2 and point out that

for some especial values of our variables /& and c, these results become the known
results given in the above text.

2. Main results

In the further text m and n are fixed integers, 0 :={a=x¢ <x; <X < ... <Xy =
b} is adivision of an interval [a,b] with m+1 nodes, 6" :={0=1s50 <1 < ... < sy =1}
is a corresponding division of the interval [0, 1] connected with o by relation s; = 3—.
Let {ij}keN, j =1,...,m be harmonic sequences of polynomials, i.e. Pj’.k =Pji1,
keN, Pip=1, j=1,...,m. Letus define a kernel S, as

Pin(t), t€a,x]
Py (1), t€ (x1,x2]
S, (t,0) = .

Pun (1), t € (Xpp—1,b].

In paper [4] Pecari¢ and VaroSanec gave the following identity for n-times differen-
tiable function f on [a,b] :

b b
1" [, 0) 5 W dx= [ @+ (1 [Pu@) V@) ©
a a k=1
m—1
+ X [P (xg) = Py (o)) F57Y () = Puac(a) f47Y (a)] .
j=1

For further applications of this identity see [4], [6].
Let us denote the right-hand side of the above identity by I,,. Using substitution
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x=1tb+ (1 —t)a on the left handside of (6) we get

b
(1" [ $1(x.0) 1 (x)dx

1
— (—1y (b—a)/Sn (th+(1—1)a,0) f) (th+ (1 —1)a)d.
0
Using notation Cy (£,0") = (b—a)S, (tb+ (1 —t)a) identity (6) becomes
1
(—1)”/C,, (1.6') £ (tb + (1 —t)a)dt = I,,. 7
0

Also, in the further text we use abbreviations K;, (t) = (b—a)Pj, (tb+ (1 —1t)a), j=
1,...,m, i.e.
Kin(t), t€]0,s]
Kou (1), t€(s1,82]
Co(t,o)={ .
Kon (t), 1 € (Sm—1,1].

THEOREM 7. Let f: 1 CR — R be an n-times differentiable function on I°,
a,bel®, a<band )f("))q be convex on [a,b] for some q > 1 such that S, (t,0) f" (1)
is integrable on |a,b]. Then

5j

5j -3
L] <j221 [}an(t)}dt {‘fm) (b)’q /t|an(t)|dt (8)

-1

Q=

@l [ -l a }

j—1

Proof. Using (7) and the power-mean inequality for ¢ > 1 we have

1
] < /|cn (.0)| [ b+ (1~ 1)) i
0

_ le/: K (]| £ 11+ (1= 1)) s

_1 1
1=

< i / |K/n(t)|dt }Km([)} ‘f(n) (tb""(l—l‘)a) th
j=1 £t O
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. q .
Since ’ F@|" is convex we have

1-1
n’l q
11| < (/ K (¢ |dt>
$j—1

x ( / (K )] (1| )| + (1 =] @) dr)

i1

1
q

1

_i(/mn |dt> "

Jj—1
1

x ('f(")(b)‘q /tyK,»n(z)de‘f(")(a)‘q/(1—t)y1<jn(z)ydz) .

Sj-1 $j-1
So, we deduce the desired result. [J
The case when g =1 is significant, so we write that result as the following corol-

lary.

COROLLARY 1. If f satisfies assumptions of Theorem 7 with g = 1 which also

means ) | is convex on [a,b], then

| < ’21/ K (1 }dt+’f )’i/(l—t)|an(t)|dt. ©)
I= 55 I= 55

COROLLARY 2. If f satisfies assumptions of Theorem 7 with n=1, m =2, then

hI (@) +F (B)]+ (=20 f (1) = = a/f (10)

Q=

c? =4
< (b—a) { (? —hc+h2> A |f O+ 22 |f (a)|]

2 1=5
—l—(c;_l—(c—i-h)(l—h)) (23| )"+ A |f (a)|"] 7,

_ =
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where x € [a,b], h €

—
=)
NI—

]7 CZﬁ suchthat h<c<1—h and
2¢* —3c%h+2h7)

6¢ch+ 6h* — 21 —2¢* + 3¢ + 3¢%h)

O\IHO\IHO\IHO\I'—‘

(
(=
(2¢® +3c?h—3c* — 21° + 6h* — 3h + 1)
(

2—2¢% 4 6¢* — 3¢’h + 6¢h — 6¢ + 2h° — 3h) .

Proof. Let us consider a division ¢ = {a < x < b} of an interval [a,b]. Let us
define the kernel S;(7,0) as
[ Pu(@t)=t—(1—h)a—hb,t € [a,x]
$i(t,0) = {le(t) —t—ha—(1—h)b,t € (x.0] "

Polynomials P;; and P»; are obviously harmonic. Denote by ¢ := % Then we

consider a corresponding division 6" = {0 < ¢ < 1} of the interval [0, 1] and the kernel
C(t,0’) is equal to
n | Kn@)=(b-a)?t—h), te[0,]
Gilt,o) = {Kgl(t) Z(b—at—1+h), 1€ (c1]°
Putting in Theorem 7 the kernel C;(¢,0") after simple calculation with taking into
account the condition & < ¢ < 1 — h that is,

/|t—h|dt / —tdt+/t— :——ch+h2

and
1-h

1
/|t—1—|—h|dt:/(l—h—tdt—|—/ (t—1+h)dt=

c

+1

—(c+h)(1—h),

we get the desired inequality. O
REMARK 1. If we set h = % and ¢ = 1 in (10) we obtain inequality (2).

REMARK 2. For different selections of parameters 4 and ¢ in (10) we obtain the
following Ostrowski, Simpson and Hadamard type inequalities.

(1) For the case g =1, h =0 we have

b
1
b_a/f(u)du

—[(1-3+4) |f ()| + (2 6c+9 —4cY) | £ (a)]

fx) =
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which is an Ostowski type inequality. Furthermore, if ¢ = % we get inequality

(3).

(ii) Forthecase g=1, h= % we obtain the following Simpson type inequality

b
1 1
P @+47 @)+ f ()~ — [ fwdu

< (bga) [(% —3c2+4c3> |f (B)] + G —6c+9c2—403) | (a)’]

which for ¢ = % collapses to inequality (1).

(iii) fg=1, h=c= % we obtain the following Hadamard type inequality (4).

THEOREM 8. Let f:1 C R — R be an n-times differentiable mapping on I°,
a,bel°, a<b, and ’f(")
integrable on [a,b]. Then the following inequality holds:

T is convex on [a,b] for some g > 1, S,(t,0) f") (1) is

B/ % | |9\ 7
| < 2/|K ()| dr ‘f()(a)";‘f()(b)‘ 7 )

S]l

1,1 _
where 1_?+5_1'

Proof. From (7) and property of modulus we have

1

| = /C (t,6") f" (tb+ (1 —t)a)dt

< Jle

0

") (th+ (1 —1t)a)|dr.

By using Holder inequality we have

1
/ (t,0") " (th+ (1 —1)a)dt

_—=

1

0
1

< | [|Cu(t,0")| ar D @b+ (1 —t)a)|" ar
e

0
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Since ’f(") !

is convex, by Hadamard inequality we get

q q

/l‘f(n) (tb—i—(l_t)a)“fdt< ‘f(") (a)) —;‘ﬂ")(b)‘

0

Also we have
1 m Sj
/ 1Cu(t,0")[Pdt =, / |K (1)]" dt.
0 7=l
By combining these we deduce the desired result. [J

COROLLARY 3. If f satisfies assumptions of Theorem 8 with n=1, m =2, then

b
WIF @)+ FO)]+ (=20 ()~ = [ f(w)d (12

20 (e — )P (1 —c—h)'TP ’ Lf' (@) +|f (b)|* g
g(b—a)( 1+ ) ( 2 ) ;

where x € [a,b], h € [0,%], c= 3= suchthat h<c<1-h.

Proof. Putting in Theorem 8 the kernel Cy (z,6”) defined as in the proof of Corol-
lary 2, after simple calculation we get desired inequality. [

REMARK 3. For different selections of the parameters 4 and ¢ in (12) we obtain
the following Ostrowski, Hadamard and Simpson type inequalities

(i) For the case h =0 we have

A (1) P\ T (1 (@) 41 B\ ¢
1+p 2 '

b
1)~ [ flaya <(b—a><

(i) For the case h =} and ¢ = 1 we obtain (5).

(iii)) For h = % and ¢ = % we have

! [f(a)+4f<a+b) +f(b)] - bia/bf(u)du

6 2

SUSITE WL ) (Lariren .
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THEOREM 9. Let f: 1 C R — R be an n-times differentiable mapping on I°,
q
a,bel’, a<b, and )f(")‘ is convex on [a,b] for some g > 1, S, (t,0) f) (1) is
integrable on [a,b]. Then the following inequality holds:

1

5j ’ ) |2 n) (.
/|an(z>l”dt ’f()(x’)“’f()(x’*l) , (13

In| < 2

Jj=1 2

1 1 _
where 1_?+5_1‘

Proof. By using (7), property of modulus and Holder Inequality we have

1
|In| <

a (6,07) F) (eh+ (1 —t)a)‘dt.
0

i/'[(]n " (th+(1—1)a 'dt

n’l y J
/|K,n ()| dt /‘f(”)(tb—l—(l—t)a)‘th

Sj 1 S‘j,l

q
Since ) F™ 1" is convex, by using Hadamard inequality we get

[ cep| 7 (x-0)|

/ ‘f(”) (tb+(1—z)a)‘th< 5

Sj*l

So, this implies (13). O

COROLLARY 4. If f satisfies assumptions of Theorem 8 with n =1, m =2, then

hIF @+ F ()] +(1=20)f ——/f (14)
WP 4 (e =)\ P @)+ 1 )\ 7
< (b-a) ( I+p ) ( 2 )

<h1+1’+<1 —c—h)lﬂ’)'l’ (s any
+ .
I+p 2

where x € [a,b], h € [0,%], c= =2 suchthat h<c<1—h.

a
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Proof. Putting in Theorem 9 the kernel C, (z,0”) defined as in the proof of Corol-
lary 2, after simple calculation we get desired inequality. [J

REMARK 4. For different selections of the parameters 4 and ¢ in (14) we obtain
the following Ostrowski, Hadamard and Simpson type inequalities

(i) For the case h =0 we have

b
1
b_a/f(u)du
1
<o (L) (L@ ey
h I+p 2
1 1
N (L= P\ (1 ) +1f )77
1+p 2
(i1) For the case h = % and ¢ = % we get the following inequality

Syt /
Cbh— a/f

< <b—a> ) <|f’ Mf’(% K )
2 l+p

+< il (44%) !q>

(iii) For h = % and c = % we have the following Simpson type inequality

b
£ [r@+an S e rw)] - oL
(b—a) (241N [ (IF @1+ ]|F (452)]" é
S76 (6(p+1)> ( y

., <|f' (b)\q+2lf (%)!")

fx) =
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