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Abstract. The algebraic numbers cos (27t/n) and 2 cos (7/n) play an important role in the theory of discrete
groups and has many applications because of their relation with Chebycheff polynomials. There are some
partial results in literature for the minimal polynomial of the latter number over rationals until 2012 when a

complete solution was given in [5]. In this paper we determine the constant term of the minimal polynomial
of cos(%) over Q by a new method.

1. Introduction and Preliminaries

It is a well known result that the n'" cyclotomic polynomial ®,(x) is a monic irreducible polynomial of
degree ¢(n) with integer coefficients where (1) is the number of integers between 1 and » that are relatively
prime to 7. Its roots are the primitive n" roots of unity. Thus

n
o, = [ -2
k=1
(kn)=1
where C, = expzT’zﬂ = cos(zf) + isin(%”). Also

X —1= H(I)d(x),

din
and this identity can be used to compute @, (x). For example,
Di(x)=x—-1, Dy(x) =x+1, D3(x) =2 +x +1,Dy(x) = 2% + 1.

In 1933, D. H. Lehmer [3] gave a method for constructing the minimal polynomials of cos(%") and sin(%”)
using D, (x). W. Watkins and ]. Zeitlin [4] gave another method for computing the minimal polynomial
W,,(x) of cos(%) using Chebychev polynomials T;(x) which are defined by,

Ts(cos ) = cos(s0),
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for positive integers s and all real 6. We note that

1 =12
deg Wi(x) = { G(m)/2  if n=3.

In fact they proved the following:

Theorem 1.1. ([4]) Let ,(x) be the minimal polynomial of cos(2mt/n) and let T(x) denote the sth Chebychev
polynomial.
a)Ifn=2s+1is odd, then
Ton(®) = T(x) = 2 | [ va@),
dln

and
b) if n = 2s is even, then

Ter(0) = Tea () = 2° | [ o).

dln

Using the above result, I. N. Cangul [1] obtained the formula for W,(x) in terms of Chebychev polyno-
mials. Recently M. Demirci and I. N. Cangul [2] have determined the constant term of W, (x) by making use
of the behavior of trigonometric functions sin nx and cos nx. We give here a direct simple proof making use
of Theorem 1.1.

2. Constant term of W,,(x)

First we find the constant term of the polynomial T, (x) — Ts(x).

We have
Ts(cos 0) = cos(sO) = Re((cos O + isin 6)°)
S
=Re Z (i)coske #7F sin* kg
k=0
() cos 0(=1)7 (1 — cos? 0) T + (§)cos® O(=1)7 (1 - c0s20) 7 +
-+ ()cos’ O, if sis odd,
G)(=1)3(1 - cos? 0)} + (5) cos? O(=1)7 (1 — cos? ) 7 +
-+ () cos’ 0, if s is even.
Hence,
% g2k Dh—1(q _ o2y 52kt . .
T = DD G0 -7, ifsisodd, ex)
LoD G (1 -7, if s is even.

Thus, we have

0, ifsisodd,
T5(0) = 1, ifs=o(mod4), (2.2)
-1, ifs=2(mod4),

and so

[ -1, ifs=0,1(mod 4),
Ts+1(0) — T5(0) = { 1, ifs=2,3 (mod4). 23)

We find the constant term of the minimal polynomial of cos(2%) by considering the following cases:
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n odd.
n =2m,mis odd.
n=2"

n = 2%m, where m is odd.
n = 2Pm, where g > 3 and m is odd.

Ol LN =

)
Theorem 2.1. If n is odd, then the constant term in 2[7] Pu(x) is £1.

Proof. Forn =1, we have,
&

() = 230 gy x) = (x— 1),

ol
Whenn = 3,

$(n)

2] () = 205 a(x) = 20 + 1.

If n is an odd integer of the form n = 2s + 1, then the result is true for s = 0 and s = 1. Suppose the
result is true for all odd integers less than n = 2s + 1. We shall prove the result for n = 25 + 1. Then

s=51 =Y i don %d) and so by Theorem 1.1,

Lo - T = 2 [ [ va®)

din

1) -2 [ [ 9

dn
da>1
(d)
= i@ ]2 pu.
dn
dodd
d>3
Hence,
()
Tos1(x) — Ts(x) = g(x) 2021 W, (), (2.4)
where o0
9@ =i [T 257 ).
dln
dodd
d>3, d#n

Now the constant term of Ts.1(x) — Ts(x) is £1 by (2.3). As n is odd, all its divisors d are also odd and hence

the constant term of g(x), by induction hypothesis, is also +1. Hence by (2.4), it follows that the constant
o

term of 2[7”)]1/),1(x) isalso +1. [J

Theorem 2.2. Ifn = 2", then the constant term in 251, (x) is defined as

-1, ifm=0,
+1, ifm=1,

0, ifm=2,
+2, ifm>3.

Proof. 1t is easy to check the result for m = 0,1 and 2.

Suppose n = 2", m > 3. By induction we show that constant term in 2l Pn(x) is 2. If n = 2s, then again
by Theorem 1.1,

Ton(®) — Toa(®) = 2° [ [ wu@).

dln
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Hence forn =2",m > 3,

T2m-1+1(x) - sz—l_l(x) = 22'”71 H lpd(x)

dlzm

=22 1) P20 () [ [ 25 ),
dlzm
d>4

m— o@)
since 2" —=2=1 ¥ 0 4y (d), we have, 22" = 92 oXapn, >4 5
Hence,
o)
Tory1(x) = Tomr_1(x) = 22(x — 1)(x + 1)x H 217 ().

dlzlﬂ
d>4

Note that constant term in LHS is 0 by (2.2). Also from (2.1) the coefficient of x in Ts.1(x) — Ts-1(x) is 2s when
s = 0 (mod 4). Hence coefficient of x in Tou-1,1(x) — Tom-1_1(x) = 2™

o) o™

= constant term in 22(x — 1)(x + 1) | [T pn-1 2[(2]1pd(x)] 20571 om (x).

d>4
Now by using the induction hypothe>sis, it follows that, the coefficient of x in Tom-1,1(x) — Tom-1_1(x) =

() . $@™)
22(+2)"3x constant term in (Z[ZT] Yo (x)). Thus constant term in 2“5 Yo(x) = £2. O

Theorem 2.3. If n = 2s and s is odd, then the constant term in 2151 Pu(x) is £1.

Proof. For s =1 and 3 the proof is clear.
Suppose the result is true for all m < n and m = 2 (mod 4). We shall prove the result for n. If n = 2s, we have,

Toa(®) - Toa(@) = 2° [ [ vu)

din

= 291(x) o) 27 [ [ wat),
din
d>2

Further if n = 2 (mod 4), then, the divisors d of n are either odd or of the form d = 2 (mod 4) and so
3 Z;|n2[q5(d)] =1 (n-¢(1) - ¢(2)) =s— 1. Hence
>

Tean () = Toca(0) = 2 1) 20) [ [ 2% )
din
a>2

P(n)

=2 h(x) 2l 1Y, (x), where

h) = 1) Yo [ 27 ().
dn
n>d>2

By induction hypothesis the constant term of 2 h(x) is 2. Hence, using (2.1), we get the desired result. [

Theorem 2.4. Let n = 22.p%, where p is an odd prime and a > 1. Then the constant term in 2[@]1#”(@ is +p.

Proof. We prove the theorem by induction on a. By Theorem 1.1, we have,

a [}
Topesa (¥) = Topn(9) = 2% [ | wu) = 22 =D+ Dx [ 2% (o),
d‘22pu dlzzpa
d#1,2,4
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By (2.1), the coefficient of x in LHS is —22p® which is equal to the constant term in

2 -0+ 1) [] 2% o).

d|22pa
d#1,2,4
NOW 2 () 2 ¢(d)
22(x - 1)(x + 1) H 2Ly (x) = 22(x — 1)(x + 1) H 217 ()%
dlzzpa d:p/pZ,_“,p«
d+1,2,4
9 ) 6@%p%)
[T 2% [T 2% {2[ : ll,uzzpa(x)}.
a=2p,2p?,....2p" d=22p,22p2,... 22pa-1

Now by Theorem 2.1, the constant term in

is 1. By induction hypothesis, the constant term in

25 (x)
d=02p 222, 22pa-1
is (p)*~L. Thus,
—22p% = —2%(%1) (1) (£p)*' X constant term in 212 s ]gbzz o ()
which implies the result. [

Remark 2.5. Now suppose n = 2%m where m = p1® ... py® with py, ..., px distinct odd primes. Then

() = Ty oy (1) = 221 T T ().

dln

= 2@ -1+ Dr [ 25 ).
din
d#1,24

As above, the coefficient of x in LHS is
—2%pt P,
which is equal to the constant term in

o)
-+ [[ 25w
d|22p‘1"1 ...p:k
d#1,24

H [ 'P(d) 1’[}d (x)

d=22p; 22p2,..., ZZpi

Now the constant term in

is equal to (£p;)™ by Theorem 2.4, fori = 1,2, ..., k. Hence the constant term in Z[Q]l)l}n(x) must be £1.
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Theorem 2.6. Suppose n = 2Pp®, where p is an odd prime with a« > 1 and p > 3. Then the constant term in

22y (d) s +1.

Proof. We have, by Theorem 1.1,

n @
Tty () = Toppa(0) =28 [ [9a(0 =22 =D o D x [T 2% )
dn dpfp®
d#1,2,4

Now by (2.1), the coefficient of x in LHS is 2/p®. Now the theorem follows from the fact that the constant

terms in the products:
(d) ¢
[T 2% e and  [] 25w
d=28,...2¢ d=22p22p?,...,2%p"

are respectively (+2)#~2 and (+p)® by Theorem 2.2 and Theorem 2.4. [J

Remark 2.7. Finally we suppose n = 2Pm where B > 3 and m an odd integer. Then the constant term in 2[@]1,0,,(3()
is +1. We omit the proof as it is similar to the case n = 22m,m odd, given in Remark 2.5.
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