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Abstract. The aim of this paper is to show that the class of monoids of finite derivation type is closed
under graph products.

1. Introduction and Preliminaries

In recent years string-rewriting systems have played a major role in the theoretical computer science
and mathematics. If a monoid can be presented by a finite and complete (that is, noetherian and confluent)
string-rewriting systems ([2]), then the word problem for this monoid is solvable. The property of having
finite and complete string-rewriting system is not invariable under monoid presentations (see [9]). For
finitely presented monoids, there exists another finiteness condition, namely finite derivation type (FDT)
which is actually a combinatorial condition of string-rewriting systems. (In some papers, FDT is also called
finite homotopy type). This property was introduced by Squier in [16] who worked on some relations, namely
homotopy relations, between paths in the graph associated with a finite monoid presentation. In the same
reference, it has been also proved that if a monoid M is presented by a finite complete system, then it has
FDT. Again in [16], the author showed that this finiteness condition is independent on the choice of finite
presentations of the given monoid.

At this point we should first mention that the property FDT has a completely same role with Grobner
bases (GB) over special structures. (We may refer [10] for the meaning of GB and its applications). Both
FDT and GB mainly characterize the study of algebraic structures in the meaning of ordering the elements
or subgroups. In fact, by considering the orders of elements in a group, a different classification other than
FDT (or GB) has been recently applied in [1]. We should secondly mention that the terminology graph
product in this paper will not be the same meaning as in the product of simple graphs (that we may also
refer [20] for an example of products of (simple) graphs).

In the literature there are some important results concerning FDT property of some monoid and semi-
group constructions. In a joint paper [15], Pride et al. depicted that a submonoid whose complement is
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an ideal of a monoid having FDT also has FDT. Newertheless, for finitely presented (fp) monoids A and B,
Otto proved that A and B have FDT if and only if the free product A * B has also FDT ([13]). Again for fp A
and B, Wang showed that the semi-direct product A =g B has FDT if both A and B have FDT (see [17]). Later
on, the same author in another paper ([18]) presented that small extensions of monoids having FDT also
have FDT. Moreover, it is shown that if a congruence p has FDT as a subsemigroup of the direct product
S x S, then S has FDT (cf. [19]). In addition to these results, in [11], Malherio stated and proved that if a
Rees matris semigroup M[S; I, |; P] has FDT, then the semigroup S has also FDT. It has been recently studied
FDT for semilattices of semigroups by the same author in [12]. As a next step of these important results,
in this paper, we will consider graph products of monoids. We remind that graph products of groups were
introduced by E. R. Green in [6] (which was used to solved the word problem).
The following theorem is one of the key point in the approximation of our study.

Theorem 1.1. [7] The graph product of finitely many groups (or monoids) which admit a complete rewriting system
admits a canonical complete rewriting system. If the rewriting systems for the vertex groups (or monoids) are finite
or regular, then the system for the graph product is also.

Although Theorem 1.1 does not imply the FDT property, it suggests that it may be possible to show the
FDT property in general without any restrictions over monoids. So, in this paper, our aim is to prove that
the graph product of monoids (without any restrictions on them) having FDT has also FDT.

It is well known that a graph I = (V,E) is a set V of vertices together with an irreflexive, symmetric
relation E C V X V whose elements are called edges. We say that u and v are adjacent in I if (1,v) € E.
The graph product of monoids (groups) is a product mixing direct and free products. Whether the product
between two monoids is free or direct can be determined by a simplicial graph, that is, a graph with no
loops. Considering a monoid attached to each vertex of the graph, the associated graph product is the
monoid generated by each of vertex monoids with the added relations that elements of adjacent vertex
monoids commute. Some results relative to the graph product of monoids can be found in [4, 5, 8].

Definition 1.2. Let M; (1 < j < n) be monoids presented by Py, = [x]-,' s ]-] such that the generating sets x; are all
disjoint. Also let I be a simplicial graph with vertices labeled by M;. Then the associated graph product of monoids

M; is a monoid M with presentation Py = [ X ; R], where X = ij and R = Usj U Sy such that
j=1 =1

Sy ={(ab,ba) | a € x;,b € xi, j # k and M, M are adjacent vertices of r'y).

For a particular case, one can consider free monoids having rank 1. In fact the associated graph product of
these monoids is called trace monoid or free partially commutative monoid and it has solvable word problem

(3D

2. The Main Theorem and its Proof

By considering the monoids M; (1 < j < n) with their presentations as in Definition 1.2, the main result
of this paper is the following.

Theorem 2.1. The graph product of monoids M; (1 < j < n) has FDT if each M; has FDT.

Let us first give some backround material about monoid presentations, associated graphs and the
property of finite derivation type. So suppose that [x;s] is a monoid presentation, where S € s is the
form S*! = S7! and S*!,S57! are words on x*. The monoid defined by [x;s] is the quotient of x* by the
smallest congruence generated by s. In fact we have a graph I' = I'(x; s) associated with [x;s], where the
vertices are the elements of x* and the edges are the 4-tuples ¢ = (U,S,¢,V) with U,V € x', S € s and
¢ = +1. The initial, terminal and the inversion functions for an edge e as above are given by (e) = US®V,
7(e) = US™¢V and el = (U, S, —¢,V), respectively. In fact there is a two-sided action of x* on I' as follows. If
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W, W' € x*, then for any vertex V of T, WV.W = WVW' (product in x*), and for any edge e = (U, S, ¢, V) of T,
We.W' = (WU,S, &, VW'). This action can be extended to the paths in I'. Now let P(T') denote the set of all
paths in T, and let

PX(T) :={(p,9) : p,q € P(D), 1(p) = 1(q), T(p) = (9)} . 1)

Definition 2.2. An equivalence relation ~C P*(T) is called a homotopy relation if it satisfies the following conditions:

(@) If eq, e are edges of T, then (e1.1(e2))(t(e1)-€2) = (1(e1).e2)(e1.7(e2)).
b) If p = q (p,q € P()), then Up.V = Uq.V forall U,V € x".

(©) Ifp,q1,q2,7 € P(T) satisfy 1(p) = «(q1) = u(q2), ©(q1) = 1(q2) = «(r) and q1 = qo, then pqir = pgor.
(d) If g € P(T), then pp™ = 1.

We note that, in [14], Pride introduced a geometric configuration, called spherical monoid pictures, to
represent paths in a graph I'. (In Remark 2.16 of this paper, we present an example of using these pictures).

It is seen that the collection of all homotopy relations on P(I') is closed under arbitrary intersection, and
so PA(T) itself is a homotopy relation. Hence, if C ¢ P®(T), then there is a unique smallest homotopy
relation ~¢ on P(I') that contains C.

Definition 2.3. Let [x;s] be a finite monoid presentation and I be the associated graph. We say that [x; s] has finite
derivation type (FDT) if there is a finite subset C C P®(T) which generates P?(T) as a homotopy relation, that is
~c= PO(T). A finitely presented monoid S has FDT if some (and hence any [16)) finite presentation of S has FDT.

2.1. Proof of Theorem 2.1

Let us consider the presentations PM/ and Py as in Definition 1.2. Also let I'm and I'ys be graphs
associated with presentations y; and P, respectively. In fact each I'y; can be considered as a subgraph
of FM.

Let M;, My and M; be monoids presented by SDM], = [x]-; s]-], Pu, = [xx; skl and Puy, = [xy; 1], respectively.
Let T denote the subgraph of Ty which has the same set of vertices as I'y; but which contains only those
edges (U, T,¢, V) of I'yy with T € Sr,,, U,V € (x; Uxx Uxp)*, € = £1. By P,(I') (respectively, P_(T')) we denote
the set of paths in T that only contain edges of the form (U, T, +1, V) (respectively, (U, T, -1, V)). Then we
have the following lemmas for adjacent vertices M;, My and M; of T'y.

Lemma 2.4. Let p € P(T). Then there exist paths p, € P,(T) and p_ € P_(T) such that p ~ p,p_.

Proof. Letp = eje;...e, apathin T, whereey, e, ..., e, are edges of T. Then we have T : ab = ba wherea € X;,
b € x¢. Suppose there is an index i such thate; € P_(l_") and e;;1 € Py (l_"). Then let us choose i is minimal, and

fora;,a;.1 € Xj, bi, bis1 € xi, let
e = (U;,T;,-1,Vy), Ti:ab;="ba;,
eiv1 = (Ui, Tiv1, +1,Vin1),  Ti :aiabion = bigai.
If U; = Ujyq1, then a; = a1, b; = biyqy and V; = Viyq. So €41 = el.‘l, and hence p ~e;...¢6;_167...€,. But

if U; # Ujs1, then Uja;b;V; = Ujaai41bis1 Vi which implies that these edges involve disjoint applications of
relations. In fact, if U; = Uj114i11bi31 Wizq and Vi = Wii1a;b;V;, then by Definition 2.2-(a), we have

eieiv1 = (UinaimbiyaWisa, Ti, =1, Vi)(Uiz1, Tiva, +1, WinaibiVy)
~ (U1, Tivr, +1, Wi bia; Vi) (Uiza bivaaisa Wiga, Ti, =1, V)
= 61

where ¢; € P, (T) and e, € P_(T). Hencep ~e; .. .€i-1€,€;, iy - .. &y, (by Definition 2.2-(c)). By repeated use
of this above procedure, we getp ~p,p_. O
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Lemma 2.5. Let p € P(T). If u(p) = UV, 1(p) = U'V', where U U € X, V, Viex, thnU=U,V =V and
p=1

Proof. By the previous lemma, there exist paths p, € P,(T) and p_ € P_(T) such that p ~ p,p_. Since
lps) = tlp) = UV and 1(p-) = 7(p) = U' V', we have p, = 1 and p_ = 1, respectively. Hence, p ~ 1 and
u=u,v=v. O

Now let us define homomorphisms
fj : (Xj UxpUx)" — X;- by f]'(x]') = x]-,fj(xk) = 1,jfj(x1) =1,
fir(xjUxeUx) = x by filxj) =1, filoxx) = xx, filx)) = 1,
fi:(xjUxcUx)" = x7 by fi(xj) =1, filxx) =1, filx)) = xy,

where x; € x;, xx € X, and x; € x;.
Lemma 2.6. Let W € (x; U xi)". Then, for some V € x;, there is a path py € P.(T) from W to Vfi(W). Ifp € P, (T)
is a path from W to V' fi(W) for some V' € x;, then V = V' and py =~ p.
Proof. LetW = WobiWib, ...b, Wy, where b € x;, Ws € x; (1<t <m,0<s<m). Then fi(W) = WoW;...W,,.
Let Wo =aay...a, (@i €xj, 1 <i <),

Titaiby =ba; (1<i<v).
Let Wl = W1b2W2b3 een bme. Then

(@ay...a,1, Ty, +1, W/)(alaz ey, Trq, +1,a,W/) ...(1,T1,+1,a;... a,W')

isapathin P, (I:) from W = Wybi W' to by WoW'. If we continue in this way, we can geta path pw € P, (I:) from
W to V f;(W) for some V € x;. If p € P,(T) is a path from W to V' fj(W) for some V' € x;, then p~'pw € P(T) is a
path from V' f;(W) to Vfj(W). By Lemma 2.5, p~'pw ~ 1, so pw = p (by Definition 2.2-(c),(d)) and V = V. [

Let us suppose that Ty a, and T, m, are subgraphs of I'yy such that the edges are the union of the

edges of FM], T'm,, T and FM]., I'n, Tmys 1_", respectively. Letp,q € P(FM/.,Mk) and let =~ be a homotopy relation

on P(I'm;m,). For some p, € P.(T) and p_ € P_(T), if p = p.qp-, then we write p ~» g. Note that ~> is
transitive and it is compatible with the two-sided action of (x; U xi)*. After that, for the proof of the main
lemma (see Lemma 2.14), we need to define the rules

up).g ~ 1(p).q
g.1(p) ~> q.7(p) } @

wherep € P, (T) and g € P(I'm;m,)- These rules can be easily seen by Definition 2.2.
For each S; : S}rl = SJTl € s; and each b € x;, there is a path p, € P.(T) from S;lb to bS]f1 and a path
p_ € P_(T) from bS]T1 to ijlb by Lemma 2.6. Since [S;l]Mj_ = [SJTl]M], we have a path ps; from S;'l to 5]71.
Hence, we have a path
qs;p = p+(b, S/‘, +1, 1)p_
from S;lb to S;lb (see Figure 1-(a)). Let

C]',k = {((1, Sj, +1, b),qu,b) : S]' € S]‘,b S Xk} C P(2)(FM/,Mk)~

For each a € x; and each Sy : S;l = 5;1 € s;, by Lemma 2.6, there are paths p; € P+(1_") and p', € P_(l_")
from aS;" to 5/'a and from S;'a to aS!, respectively. Since [S{']y, = [S;']u,, we have a path ps, from ;!
to ;1. Hence there exists a path

Gos, = P (L, Sk, +1,a)p
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from aS; ! to aS;! (see Figure 1-(b)). We then let

’

Cip = (@S +1,1),4,5) : Sk € 5,0 € x;}) € PO(Tp )

1 1
S ;r: f:r bS}r aSlj.l fi’ S;la
(b, 5;,+1,1) 1,5, +1,a)
L4 ° -
_ bs71 , _
571b 4 j as;! P Sla
(@) (b)
Figure 1:

For ab = ba € Sr,, and ¢ € x;, where a € x;, b € x;, there are paths p: € P+(1_") and p: € P_(l_") from abc to
cab and from cba to bac, respectively. We also have a path from ab to ba. Hence, there exists a path

Jabc = p:(c, ab = ba, +1, 1)pi

from abc to bac (see Figure 2-(a)).

For bc = cb € Sr,, and a € x;, there are paths p. € P, (T) and p_ € P_ (T') from abc to bca and from cba to
acb, respectively. We also have a path from bc to cb. Thus, there exists a path

Japc = p:(l, bc = ¢b, +1,a)p:/
from abc to acb (see Figure 2-(b)). Then, for adjacent vertices M ir Mg and M; of Ty, let
Cixi = {((1,ab =ba,+1,c),qu,) : ab = ba € Sy, a € x;,b € X, c € xl}
U {((a, bc = cb,+1,1),q4pc) : bc = cb € Sr,,a € xj,b € xi,c € xl} c PA).

At the rest of this section we will give more fundamental and important lemmas to state the main lemma
(see Lemma 2.14 below).

Lemma 2.7. Let p,q be paths in Ty, with ©(p) = (q). Ifp > p', g~ q and 1(p),1(q) € (x; U x,)", then
1(p) = uq) and pg ~> p'q .
Proof. Since p ~» p' and g ~» ¢, we have p ~ p.p'p_, 4 ~ q.+q'q-, where p,,q, € P.(T) and p_,q_ € P_(T).
Then

P = pep p-g:q 9
By Lemma 2.5, we get p_q+ =~ 1. Thus, 7(p') = «(g') and pg »> p'q. O

Lemma 2.8. Lete = (U, S, ¢, V) be an edge of I'yy,, where U,V € X;, Sk € s¢ and ¢ = x1. Then, for any a € x;, there
exists a path q in Iy, such that

ae e 4.

Proof. By Lemma 2.6, there is a path in P, (I'y;,) from al to fi(all)a. So by (2), we have

a.e e (hj(al)a, S, €, V) e, 0 av,

where ¢; is a path in P(I'y;,). Now there is also a path in P,(I'y,) from aV to fi(aV)a. By (2), we have
qaV ~oc qa, where g = g1.f(aV). Hence the result. [
j
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abc v, cab abe P:/ bea
® —- [ —-
01 02
[ [ 2 ~—
bac P- cba acb p- cha
(a) (b)

Figure 2: In (a), the edge labelled by o0y is actually (c,ab = ba, +1,1) and, in (b), the edge labelled by o5 is (1, bc = cb, +1,4)

Lemma 2.9. Let p be any non-empty path in I'yy. Then, for any W € X, there exists q € P(I'y,) such that
Wp e q.W.

Proof. Since the proof can be given easily by applying the induction hypothesis on the length of W, we will

just assume that W consist of a single letter a € x;. So let p = e1ez...e,. Then, by Lemma 2.8, there exists

gi € P(I'yy,) such that a.e; e gid, where ¢; = (Uj, S, €, Vi) for 1 <i <mand U;, V; € x;. Thus, by Lemma
K

2.7, we obtain
a.p M’)C;’,k (7192 - - - Gm)-a,

as required. [

Lemma 2.10. Let (U, Sk, €, V) be an edge in Uy vy where U,V € (xj U xx)", Sk € sy, € = +1. Then there exists
q € P(I'ny,) such that (U, Sk, €, V) e g.f;(UV).
ji

Proof. We have
(U, Sk, e, V) e ((U)f(U),S,¢,V), byLemma2.6and (2),
we o q1.fi(U)V, by Lemma 2.9, where q; € P(Ty,),
we - qfUf(V)fj(UV), by Lemma 2.6 and (2),
we o q.fi(UV), whereq =g fi(Uf;(V)).
Hence the result. [J
Lemma 2.11. Let Sj € s;, W € x;. Then there exists q € P(U'ny,) such that
(1,86, 1).W ¢, (q.s]f.)(w'.(l,sj, g,1)),
for some W' € x:.
Proof. For any U € (x; Uxi)* and p € P(I'y;,), by Lemma 2.6 and (2), we get
p-U -~ pfi(U), 3
where p' € P(T'y,). Additionally, for each b € xi, we have
(1,5j,€,1).b ~oc;, (0.57)(b.(1, S, ,1)), 4)
by the definition of Cjx. By repeated use of (3), (4) and Lemma 2.7, we get the result, as required. [

The following lemma can be proved similarly by considering the previous lemma.
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Lemma 2.12. Let T € Sr,,, W € x]. Then there exists q € P(Tm;m,) such that
1, T, &, 1).W e, (@.T)YW .(1,T,¢,1)),
for some W € x.
Lemma 2.13. Let (U, S, €, V) be an edge in ISV where U,V € (xjUxt)", S € sjand ¢ = +1. Then there is a path
q € P(I'n,) such that

(U, Sj,¢,V) Vel @-fi(US; V)IW(f(U), Sj, €, £i(V))-
Proof. We have
(U Sj, €, V) ~c, (W)fi(U),Sj ¢ fi(V)f(V)), by Lemma 2.6 and (2),

ey (@) fiUD)-41.S; [V filW) f(DW1.(L, Sj, €, fi(V))),
by Lemma 2.11,

for some g, € P(I'yg,) and W, € x;. Also, by Lemma 2.9,
UG 18 (V) Wi, qFUSSV),
for some g € P(I'y;,) and, by Lemma 2.6 and (2),
hi(W) fi(OW1.(1, S), €, £i(V)) ~» WAfi(U), Sj, €, £i(V)),
for some W € x;. Using Lemma 2.7 and the above equivalences, we then have
(U S, ¢, V) euuc, (q-f;(US;VIW.(fi(U), Sj €, fi(V)))-
In fact, by Lemma 2.6 and the definition of /1;, we have W = fk(US]T{’ V). O
Now we present our main lemma.

Lemma 2.14. (Principal Lemma) Let p € P(I'p; mn,)- Then there exist paths p. € P.(T), p- € P.(T), q =
q-fp) fi(p)) and r = fil(t(p)) fi(t(p)).r', where g € P(Tn,) and 1" € P(Ty,) such that

p :cj,kuc;kuc,.,k,, p+qrp-

with t(py) = f(lp) i) fi(e(p)) and (p-) = fil(z(p) fi(T(p)) fi(z(p))-

Proof. For U,V € (xj U xx U x;)*, let us suppose that p contains a single edge (U, Q, ¢, V). Then the result
comes out by

Lemma 2.10; if Q € s,
Lemma 2.13; if Q €s;j,
Lemma2.6; ifQeT.

Now suppose p = p1¢, where ¢ is an edge and p1 € P(I'v; m,,,)- Inductively, we have
Moo,y @AUEDSEE)AEED)fitp).r),
e W e @A) AEEENS(EF)),
where g4, € P(Tw,), 17,

«q,) = fellp)), () = fie(pr), ta,) = filw@), T(ry) = fi(z(p)).

r, € P(Ty;) and
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By Lemma 2.7, we have
P ™C,0C)UC, (@, - SO [N ST ) fi(t(p1)-1) (@ fi@) i St () filt (p)-1)-

Since the relations used in the path fi(t(p1))fi(t(p1).r; and in the path q,.fi(:(e))fi(1(e)) are disjoint,
Definition 2.2-(a) can be applied repeatedly, and so we can get

et po) file(pr) 1)@ fie) f(1(e) = G- i) [N Felz®) fi(z(p)).17)-

Assume g = q,q, and ' = r,r,. Therefore, for 1(q') = fi(«(p)) and 1(r') = fj(t(p)), we obtain
P ~,0C,uC, (@ -AEE) [ @D ST filz(p))-r),

as required. [

We recall that since each monoid M; (1 < i < n) has FDT, there is finite subset Ci;; C P(Z)(FM/.) such that
>y, = PA(T'y;;). Now let

C=Cum UCjxUCj, UCjk (5)
Then we have
Corollary 2.15. ~c= P@(Ty).
Proof. Let (p1,p2) € P?(T'y). By the Principal Lemma, we take
p =cpsqinip- and  py =c p.qarap_,

where p.,p, € Py(T), p-,p_ € P_(), 4i = q;.filu(pi)) f;(t(p:)) with g € P(Tas,) and r; = fi(x(py)) fi(t(pi)).r; with
r; € P(T'y;) (i = 1,2). Since 1(p1) = 1(p2) and 1(p1) = 7(p2), we have
©(ps) = file(p) filep) fi(e(p1) = filt(p2) filt(p2)) £i(1(p2)) = 7(ps),
1(p-) = fillt() () fi(t(p1)) = fult(p2) filt(p2)) fi(x(p2)) = 1(pL).
Therefore, p.. ~c p, and p_ =¢c p_. Itis seen that (7)) = fi(1(p7)) and (7)) = fi(z(p3)) (i = 1,2). So 1(q;) = 1(q,)

and (7)) = ©(q,). Thus, (q;,q,) € PP (Tn). Since ~c,, = PA(Tyy,), and Cpy, € C, we have q; ~c ¢, and hence,
g1 =c go. Similarly,

U(ry) = fip) = fi(tp2)) = 1(ry)
and

() = fi(t(p1)) = fi(x(p2)) = T(ry),
so (r,r,) € P@(Ty). Since =Gy, = P@(Ty;), and Cy; C C, we have r} =c 7, and hence, 1 ~c r,. Thus,
P1 =c p+qirip- =c p.garap- =c pa. Therefore, ~c= PO (Ty). O

Now we can prove the main result (Theorem 2.1) as follows.

Proof of Theorem 2.1. If each monoid M; (1 < j < n) has FDT, then we can assume that all #y, are finite
presentations and all Cy; are finite sets. So P is a finite presentation and the set C defined in (5) is finite.
By Corollary 2.15, we have ~c= P?(I'y). Thus the graph product of monoids M; has FDT.
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Figure 3: The generating sets C;, and C'1 5

Remark 2.16. To be an example of spherical monoid pictures, we can draw pictures of the generating sets Cy, and

’

C

12

as in Figure 3.
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